
Dynamic Complexity under Definable Changes

THOMAS SCHWENTICK, TU Dortmund University, Germany
NILS VORTMEIER, TU Dortmund University, Germany
THOMAS ZEUME, TU Dortmund University, Germany

In the setting of dynamic complexity, the goal of a dynamic program is to maintain the result of a fixed query
for an input database which is subject to changes, possibly using additional auxiliary relations. In other words,
a dynamic program updates a materialized view whenever a base relation is changed. The update of query
result and auxiliary relations is specified using first-order logic or, equivalently, relational algebra.

The original framework by Patnaik and Immerman only considers changes to the database that insert or
delete single tuples. This article extends the setting to definable changes, also specified by first-order queries on
the database, and generalizes previous maintenance results to these more expressive change operations. More
specifically, it is shown that the undirected reachability query is first-order maintainable under single-tuple
changes and first-order defined insertions, likewise the directed reachability query for directed acyclic graphs
is first-order maintainable under insertions defined by quantifier-free first-order queries.

These results rely on bounded bridge properties which basically say that, after an insertion of a defined
set of edges, for each connected pair of nodes there is some path with a bounded number of new edges.
While this bound can be huge in general, it is shown to be small for insertion queries defined by unions
of conjunctive queries. To illustrate that the results for this restricted setting could be practically relevant,
they are complemented by an experimental study that compares the performance of dynamic programs with
complex changes, dynamic programs with single changes, and with recomputation from scratch.

The positive results are complemented by several inexpressibility results. For example, it is shown that –
unlike for single-tuple insertions – dynamic programs that maintain the reachability query under definable,
quantifier-free changes strictly need update formulas with quantifiers.

Finally, further positive results unrelated to reachability are presented: it is shown that for changes definable
by parameter-free first-order formulas, all LOGSPACE-definable (and even AC1-definable) queries can be
maintained by first-order dynamic programs.
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1 INTRODUCTION
Modern data management systems need to handle large data sets that are subjected to frequent
changes. A connection in a train network might be closed on short notice; a server might fail,
leading to the cancellation of all connections to adjacent servers; or a person might add all guests
of a party she visited to her friend list in a social network. How to answer queries on such dynamic
data sets is a fundamental and well-studied question. Often query re-evaluation from scratch is
not possible due to the size of the involved data. A standard approach to this challenge is to store
materialized auxiliary data with the intention that (1) it can be used to answer a set of queries of
interest, and (2) it can be updated in an efficient way. Since the stored auxiliary data can be seen as
materialized views, this approach is sometimes called incremental view maintenance [24].
From a high level perspective, one can distinguish an algorithmic and a declarative approach

towards incremental view maintenance. The former asks which algorithmic resources are necessary
to update views after data has changed [30, View Maintenance and Maintenance of Recursive Views].
This approach largely ignores the kinds of operations that are directly supported by the DBMS at
hand and considers “arbitrary” algorithms. It is closely related to the field of Dynamic Algorithms [8].
In the second approach, on the other hand, the query and data management facilities of the

DBMS are taken into account and one studies how and when updates of the auxiliary data can be
specified in a declarative fashion [30, Incremental Computation of Queries]. The idea is to avoid
additional (user-defined) programs or functions and to delegate the search for a good execution
strategy to the DBMS. In the case of relational databases, it is natural to choose the triumvirate of
(core) SQL, the relational algebra, and the relational calculus for the specification of updates, their
translation into query plans and the study of their expressive power.
Besides avoiding the recomputation of queries from scratch, the incremental maintenance of

views (or query results) has an additional advantage: it allows to answer queries that are beyond
the expressive power of the relational algebra, for instance certain recursive queries.1

The theoretical study of the declarative approach was started by Dong and Topor [17]. Dong, Su
and Topor then proposed FOIES, a framework for incremental query evaluation based on first-order
logic [12, 16]. A slightly different framework was suggested by Patnaik and Immerman [33, 34].
In both frameworks, for a given query q, one specifies a set of (logical) auxiliary relations, the
auxiliary database, and a set of first-order update queries for each change. When the underlying
database is changed, the first-order update formulas are evaluated on the auxiliary database and
the underlying database to produce the updated auxiliary database.

The main difference between the two frameworks is that in the FOIES framework, the domain of
the database can change, whereas in the framework of Patnaik and Immerman it can not. Although
it is reasonable to assume that the domain can change, the other framework arguably yields a
simpler setting. Furthermore, both positive and negative (inexpressibility) results usually easily
translate from one setting to the other. We therefore adopt the framework of Patnaik and Immerman,
for which the class of queries maintainable by first-order formulas is called DynFO. We refer to
this framework as Dynamic Descriptive Complexity. However, we will also discuss how our positive
results translate to the FOIES setting. We recall that first-order logic could be readily replaced by
the relational algebra without changing the class DynFO. In some examples, we will actually use
SQL to specify updates.

Example 1.1. Suppose G is a directed graph with edge relation E and the auxiliary relation T
contains its transitive closure. If an edge (u,v ) is inserted into E, the updated transitive closure

1Since the SQL:1999 standard, SQL supports recursive queries. How recursion can actually be used in queries varies over
different database systems [35, 39].
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Dynamic Complexity under Definable Changes 3

contains all tuples (x ,y) that satisfy the formula T (x ,y) ∨
(
T (x ,u) ∧T (v,y)

)
. Thus the transitive

closure of a graph can be maintained in DynFO under single-edge insertions.
In an SQL fashion2 this update rule for the transitive closure relation can be expressed as follows:

ON INSERT E(u,v) UPDATE T AS
SELECT *
FROM T

UNION
SELECT T1.x, T2.y
FROM T as T1, T as T2
WHERE T1.y = u AND T2.x = v

The focus of Dynamic Descriptive Complexity so far has been on the ability of DynFO to
maintain queries under single-tuple insertions and deletions. In recent years, this area has seen
considerable progress thanks to some powerful new techniques. In particular, it has been shown
that the reachability query can be maintained in DynFO for directed graphs under insertions and
deletions of edges [4]. It is well-known that first-order logic can not express the reachability query
(even not on simple paths), therefore the dynamic setting increases the power of first-order logic
significantly.

While the study of single-tuple changes is justified by the necessity to gain a basic understanding
of the dynamic setting, it is evident that more complex change operations are more interesting
from a practical perspective. Of course, “arbitrary” changes of the underlying database may render
the stored auxiliary relations useless. Complex changes therefore need to be restricted in some way,
e.g. by size [7], by the structure of the tuples to be changed [11, 16, 40], or by considering only
changes specified in some declarative language. The latter option has not been studied in-depth so
far.
The aim of this article is to contribute a formalization of declaratively defined changes in the

context of Dynamic Descriptive Complexity, and to explore which queries can be maintained under
complex change operations.
The formal extension of the single-tuple-change paradigm to declaratively defined changes

studied here is inspired by SQL update queries (for a theoretical study of SQL updates we refer to
[2]). Changes to the underlying database are specified by replacement queries which can modify
several relations at a time and are defined by first-order formulas that can use tuples of elements as
parameters. Again, as first-order logic corresponds to the relational algebra core of SQL, this is
a natural setting in the context of relational databases to start from. Several articles in Dynamic
Descriptive Complexity proposed to study first-order defined changes [18, 23, 34]. Similar but
weaker frameworks were introduced in [25, 42], but maintainability under complex changes has
not been studied there.

Contributions. Wemainly consider the reachability query under complex insertions and single-tuple
deletions and show that the known results for single-tuple changes can be considerably extended.
We show that for insertions defined by unions of conjunctive queries maintaining reachability
of undirected graphs and DAGs is actually feasible, and we underpin these theoretical findings
with some encouraging experiments. We complement these positive results by some negative
results in the form of inexpressibility statements. Finally, we exhibit another set of positive results,
for parameter-free change operations, where all LOGSPACE-definable (and even AC1-definable)
queries can be maintained by first-order dynamic programs.

2We note that the first line is not part of the SQL standard.
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4 Thomas Schwentick, Nils Vortmeier, and Thomas Zeume

The generalized setting yields a huge range of research questions, e.g., all previously studied
questions in Dynamic Desriptive Complexity in combination with replacement queries of varying
expressiveness. Naturally, this article can only start to investigate a few of them.
We present positive and negative results. In Section 4 we study first-order definable insertion

queries (supplementing the single-tuple changes). It turns out that the undirected reachability query
qUReach can still be maintained in DynFO under first-order definable insertions (Theorem 4.2) and
the directed reachability query qReach for directed acyclic graphs under quantifier-free insertions
(Theorem 4.5). These results are shown with the help of a simple concept, bounded bridge distance.
In a nutshell, a change operation has bounded bridge distance, if whenever a graph resulting from
such an operation has a path from some node u to some node v , it also has such a path that uses
only a bounded number of newly inserted edges. The size of the formulas in our dynamic programs
depends on the actual bridge bound and, in general, might grow non-elementarily3. Although in
practical examples these worst-case sizes might not occur, we also study update operations of
small bridge bound size, in particular, unions of conjunctive queries (UCQs). Our presentation in
Section 4 assumes the bounded bridge properties as given and we prove them later, in Section 6.

We report on experiments with a prototypical implementation of the resulting dynamic programs
for the undirected reachability query in Section 5. We compare the performance of the dynamic
program for UCQ-defined changes with two other declarative approaches: (a) using recursion
capabilities of SQL, and (b) repeated application of a dynamic program for single-edge changes (see
also [32]). The dynamic program for complex changes performs best in almost all test cases, often
by one or two orders of magnitude. It also still performs reasonably well on a graph with nearly two
million nodes obtained from the DBLP dataset. In addition we compare the dynamic program with a
problem-specific algorithm written in a general purpose programming language that computes the
query result from scratch. It is to be expected that such a problem-tailored algorithm can achieve
better results. Surprisingly, the performance gap is not huge, and for some test cases the dynamic
program for complex changes even performs slightly better.

It is not surprising that complex changes may make maintaining a query more difficult or even
impossible. However, it is notoriously difficult to actually prove inexpressibility results in the
dynamic setting. In Section 7 we confirm the above expectation by exhibiting inexpressibility
results that show that certain positive maintainability results of the single-tuple setting do not
survive in the complex setting. As an example, in the setting of single-tuple insertions, reachability
on directed graphs can even be maintained with quantifier-free formulas (cf. Example 1.1). We
show that this is no longer the case for complex insertions defined by very simple quantifier-free
insertion queries.
Section 8 explores complex changes in an entirely different direction and with very different

techniques. We show that all queries that can be evaluated in logarithmic space (and even in
uniform AC1) can be maintained in DynFO under (finite sets of) first-order definable parameter-
free replacement queries (Theorem 8.1).

Related work. Several other prior results for Dynamic Complexity under more general changes
have been obtained. The reachability query for directed graphs has been studied under deletions of
sets of edges and nodes that form an anti-chain in [11] and under insertions of sets of tuples that
are cartesian-closed in [16]. The maintenance procedure for this query under single-tuple changes
from [4] can deal with small changes, i.e., of size logarithmic in the number of nodes, to the set of
outgoing edges of a node (or, alternatively, the set of incoming edges). Further generalizations of
this result to changes of non-constant size are studied in [7]. Edge contractions have been studied in
[40]. Koch considered more general sets of changes in [27], though only for non-recursive queries.
3A function is non-elementary, if its growth can not be bounded by a fixed-height tower of exponential functions.
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The only other implementations of dynamic complexity that we are aware of are described in
[32] and [27].
This article is based on the results of [36] but is considerably extended by new positive results

for UCQ-defined insertions, an experimental evaluation, new lower bounds (Theorems 7.1 (b) and
Theorem 7.3 (b)), and more proof details.

2 PRELIMINARIES: DATABASES, QUERIES, AND LOGIC
In this section we recall basic notions from database theory and logics. In the interest of readability
we keep the formalism simple. We refer to [29] for a more detailed introduction.

A (relational) schema τ consists of a set of relation symbols4. In this work, a domain is a finite set.
A database D over schema τ with domain D has, for every relation symbol R ∈ τ , a relation over D.
A k-ary query q on τ -databases is a mapping that assigns a subset of Dk to every τ -database over
domain D and commutes with isomorphisms. For a first-order formula φ (x̄ ), we write D |= φ (ā) if
the tuple ā over domain D satisfies φ (x̄ ).
The focus of this article is on the dynamic behaviour of graph queries. We represent graphs as

databases over the schema with a single binary relation symbol E. All graphs in this article are
directed, that is, they are of the form G = (V ,E) where E ⊆ V ×V . The undirected graph induced
by G is the graph with the same set of nodes and edges {(u,v ), (v,u) | (u,v ) ∈ E}. A path from
u ∈ V to v ∈ V is a sequence u = u0,u1, . . . ,un = v of pairwise distinct nodes from V such that
(ui ,ui+1) ∈ E for all 0 ≤ i < n. An undirected path in G is a path in its induced undirected graph. A
connected component ofG is a maximal connected subgraph H , i.e., for all nodes u and v of H , there
is a path from u to v . A weakly connected component of G is a maximal subgraph whose induced
undirected graph is connected. A directed tree is a graph with a distinguished node r (the root
node) such that all nodes can be reached from r by exactly one (directed) path. A disjoint union of
directed trees is called directed forest.
The reachability query qReach selects, given a graph G, all pairs (u,v ) such that there is a path

from u to v in G. Similarly, the undirected reachability query qUReach selects (u,v ) if there is an
undirected path from u to v .

3 DYNAMIC PROGRAMSWITH COMPLEX CHANGES
In this section we lift the definitions from [38] to more general change operations. We first define
(general) change operations, then we adapt the definition of dynamic programs of [38] to those
more complex changes.

3.1 Change Operations
As mentioned before, in most investigations of DynFO, only single-tuple insertions and deletions
were considered as change operations. In their most general form, the complex change operations
that we consider in this article can modify a given database by replacing some of its relations with
the results of first-order-defined queries on the database. Before we fix our notation of complex
changes, we illustrate them by a few examples.

Example 3.1. (a) Actually, a single-tuple insertion is just a special case of a complex change
operation. It only concerns one relation of the database, but it uses parameters. As an example,
consider the change operation that allows to insert edges into the edge relation E of a graph.
It uses two variables, say u and v , as parameters, representing the two affected nodes. The
corresponding replacement rule µE (u,v ;x ,y) could be specified by the simple formula E (x ,y) ∨

4For simplicity of the formalism, we do not denote arity functions for relation symbols. We also do not need constant
symbols in this article.
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(x = u ∧ y = v ) stating that after the operation all previous edges are still there and a (possibly
but not necessarily new) edge (u,v ) has been added. This operation can then be instantiated by
two concrete elements a and b of the domain, for u and v .
In general, a change operation consists of a tuple of parameters and a set of replacement queries
that might use these parameters.

(b) Suppose that a user wants to connect a nodeu ∈ V to every other node of a directed graph (V ,E).
This can be achieved by the change operation with replacement rule µE (u;x ,y) = E (x ,y)∨ (x =
u). Again, the parameter u can be instantiated with each element of the domain. This change
can also be expressed by the following SQL statement5 (ignoring duplicated insertion of edges):

INSERT INTO E
SELECT u as x, V.v as y
FROM V

(c) The following example allows to change two relations by one operation. Here, we consider
directed graphs with two additional unary relations C1,C2, which we interpret as a colouring
of the nodes. LetG = (V ,E,C1,C2) be such a coloured graph and suppose a user wants to swap
the colours C1,C2 for all nodes that have an edge to a node u ∈ V . This can be achieved by the
rules replaceC1 by µC1 (p;x ) and replaceC2 by µC2 (p;x ) with µC1 (p;x ) =

(
¬E (x ,p)∧C1 (x )

)
∨(

E (x ,p) ∧C2 (x )
)
and µC2 (p;x ) =

(
¬E (x ,p) ∧C2 (x )

)
∨
(
E (x ,p) ∧C1 (x )

)
. We emphasize that

these two rules specify one change operation.
(d) Finally, we consider an example of a parameter-free insertion. It states that, in a graph, all nodes

u and v that are connected by a path of length 2 should be connected directly. The replacement
rule µE (;x ,y) can be phrased as ∃z (E (x , z) ∧ E (z,y).

More formally, a replacement rule ρR for relation R is of the form replace R by µR (p̄; x̄ ). Here, R
is a relation symbol and µR (p̄; x̄ ) is a first-order formula, where the tuple x̄ has the same arity as R
and p̄ is another tuple of variables, called the parameter tuple. A replacement query ρ (p̄) is a set of
replacement rules for distinct relations with the same parameter tuple p̄. In the case of replacement
queries ρ that consist of a single replacement rule, we usually do not distinguish between ρ and its
single replacement formula µR .
For a database D, a change operation δ = (ρ, ā) consists of a replacement query and a tuple of

elements of (the domain of) D with the same arity as the parameter tuple of ρ. We often use the
more concise notation ρ (ā) and refer to change operations simply as changes. The result δ (D) of
an application of a change operation δ = (ρ, ā) to a database D is defined in a straightforward
way: each relation R in D, for which there is a replacement rule ρR in ρ, is replaced by the relation
resulting from evaluating µR , that is, by {b̄ | D |= µR (ā; b̄)}.

Some of our investigations will focus on (syntactically) restricted replacement queries that either
only remove or only insert tuples to relations. For an insertion rule ρR , the replacement formula
µR (p̄; x̄ ) has the form R (x̄ ) ∨ φR . Similarly, deletion rules have replacement formulas µR (p̄; x̄ ) of the
form R (x̄ ) ∧ ¬φR . In [2], the change operations replace, insert, delete and modify have been studied,
in particular with respect to their expressive power. These operations are captured by our change
operations6.

Other syntactic restrictions to be studied extensively in this article are parameter-free replacement
queries (that allow no parameters in change formulas, or equivalently, no constants in relational
algebra expressions) and quantifier-free replacement queries (that allow only quantifier-free change
5We represent unary relations as tables with one attribute v and binary relations as tables with attributes x, y, all of type
int.
6In [2] the domain of the database can be infinite.
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Dynamic Complexity under Definable Changes 7

formulas). A special case of quantifier-free changes are the single-tuple changes. We refer by
insert p̄ into R to the insertion query replace R by µR (p̄; x̄ ), where µR (p̄; x̄ ) = R (x̄ ) ∨ (p̄ = x̄ ) and
by delete p̄ from R to the deletion query replace R by µR (p̄; x̄ ), where µR (p̄; x̄ ) = R (x̄ ) ∧ ¬(p̄ = x̄ ).
Those two replacement queries will also be denoted as insR and delR . As mentioned before, single-
tuple changes are the best studied change operations in previous work on dynamic complexity. To
emphasize the difference we sometimes refer to arbitrary (not single-tuple) change operations as
complex changes. For any schema τ we denote by ∆τ the set of single-tuple replacement queries for
the relations (with symbols) in τ . In the case of graphs, we simply write ∆E .

3.2 Dynamic Programs
We now introduce dynamic programs, mainly following the exposition in [38]. Inputs in dynamic
complexity are represented as databases over a fixed domain as defined in Section 2. Initially, such
a database contains no tuples. The database is then modified by a sequence of change operations.

The goal of a dynamic program is to answer a given query for the database that results from any
change sequence. To this end, the program can use an auxiliary database over the same domain.
Depending on the exact setting, the auxiliary database might be initially empty or not.

A dynamic programP operates on an input database I over a schema τin and updates an auxiliary
databaseA over a schema7 τaux, both containing only tuples over a domain D, which is fixed during
a computation. We call (D,I,A) a state and basically consider it as one database over schema
τin ∪ τaux. The relations of I and A are called input and auxiliary relations, respectively.

A dynamic program has a set of update rules that specify how auxiliary relations are updated after
a change. An update rule for updating an auxiliary relation T after a replacement query ρ (p̄) is of
the form on change ρ (p̄) updateT (x̄ ) as φT (p̄, x̄ ) where the update formula φT is over τin ∪ τaux.

The semantics of a dynamic program is as follows. When a change operation δ = ρ (ā) is applied
to a state S = (D,I,A), then the new state S′ = (D,I ′,A ′) is obtained by setting I ′ = δ (I) and
by defining each auxiliary relationT viaT def

= {b̄ | (I,A) |= φT (ā, b̄)}. For a change operation δ we
denote S′ by Pδ (S). For a sequence α = (δ1, . . . ,δk ) we write Pα (S) for the state obtained after
successively applying δ1, . . . ,δk to S.

A dynamic query is a tuple (q,∆) where q is a query over schema τin and ∆ is a set of replacement
queries. The dynamic program P maintains a dynamic query (q,∆) with k-ary q if it has a k-ary
auxiliary relationQ that, after each change sequence over ∆, contains the result of q on the current
input database. More precisely, for each non-empty domain D, each non-empty8 sequence α of
changes, relationQ in Pα (S∅) and q(α (I∅)) coincide. Here, S∅ = (D,I∅,A∅), and I∅ andA∅ denote
the empty input and auxiliary database over D, respectively.

The class of dynamic queries (q,∆) that can be maintained by a dynamic program with update
formulas from first-order logic is called DynFO. We also say that the query q can be maintained in
DynFO under change operations ∆. The class of dynamic queries maintainable by quantifier-free
update formulas is called DynProp.

Example 3.2. The update procedure for the transitive closure relation of a directed graph after
an edge insertion presented in Example 1.1 can now be formalized as follows. The dynamic query
(qReach, {insE }) is maintained by the dynamic program that uses one auxiliary relation T , which
always contains the transitive closure of the edge relation E. Its only update rule is given by

7To simplify the exposition, we will usually not mention schemas explicitly and always assume that the databases we talk
about are compatible with respect to the schemas at hand.
8This technical restriction ensures that we can handle, e.g., Boolean queries with a yes-result on empty databases without
initialization of the auxiliary relations. Alternatively, one could use an extra formula to compute the query result from the
auxiliary (and input) database.

ACM Trans. Datab. Syst., Vol. 1, No. 1, Article . Publication date: July 2018.



8 Thomas Schwentick, Nils Vortmeier, and Thomas Zeume

the formula φT (p1,p2;x ,y) = T (x ,y) ∨
(
T (x ,p1) ∧ T (p2,y)

)
. This proves that (qReach, {insE }) is

in DynFO. □

3.3 Complex Change Operations and Initialization of Dynamic Programs
In the presence of complex replacement queries, the initialization of the auxiliary relations requires
some attention. In the original setting of Patnaik and Immerman, the input database is empty at
the beginning, and the auxiliary relations are initialized by first-order formulas evaluated on this
(empty) initial input database. Since tuples can be inserted only one-by-one, the auxiliary relations
can be adapted slowly and it can be ensured that, e.g., always a linear order [34] or arithmetic [18]
on the active domain is available.
For complex changes, the situation is more challenging for a dynamic program: as an example,

for graphs, the first change could insert all possible edges and let the graph be a complete graph
of size n, if n is the size of the underlying domain. To enable the dynamic program to answer
whether the graph has some property like “all nodes have even degree” after this change, it needs
some suitable (often: non-empty) initial values of the auxiliary relations. Since in this paper, we
are mainly interested in the maintenance of queries and not so much in the specific complexity of
the initialization, we do not define variants of DynFO with different power of initialization, but
rather follow a pragmatic approach: whenever initialization is required, we say that the query
can be maintained with suitable initialization and specify in the context what is actually needed.
In all cases, it is easy to see that the initialization of the auxiliary relations can be computed in
polynomial time.
An alternative approach would be to restrict the semantics of replacement queries to elements

of the active domain of the current database and to allow the activation of elements only via tuple
insertions.

3.4 Changing the Domain
The described general framework follows [34] and thus does not allow inserting new elements into
or removing existing elements from the domain. Of course, for dynamical databases in practice this
is a severe restriction, and therefore an alternative formalization that allows to adapt the underlying
domains has been proposed. In the first-order incremental evaluation system framework (short:
FOIES) introduced by Dong, Su, and Topor [16], changes to the database may involve elements that
have not been in the domain so far which are then added to the domain automatically. Apart from
this difference, the first-order update mechanism of FOIES and the one described above are the
same.
On a superficial level, due to the necessity to deal with changing domains, it may appear that

it is more difficult to show that queries can be maintained by a FOIES. Yet, almost all results for
single-tuple changes translate effortlessly between the two frameworks. A theoretical justification
for this observation is provided in [5, Theorem 17]. Inexpressibility results for DynFO translate
directly to FOIES.

Inserting several new elements in the domain at once poses the same problems as discussed in the
previous subsection. A convenient way to extend the dynamic descriptive complexity framework
to support the addition and removal of elements that circumvents such problems is to introduce
two more change operations, add(x ) and remove(x ).
All results from Section 4 and Section 7 carry over easily for this extension. The former holds

since we use the same auxiliary relations as in [15] and [13], respectively, where single-tuple
maintainability was shown for FOIES. The latter holds since inexpressibility results always carry
over from FOIES to DynFO. Since add(x ) and remove(x ) have parameters, they do not quite fit for
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parameter-free changes. However, with suitable adaptations, discussed at the end of Section 8, the
obtained results can be extended to dynamic domains, as well.

4 REACHABILITY AND DEFINABLE INSERTIONS
We first study the impact of first-order definable complex change operations on the (binary)
reachability query. In the classical DynFO setting with single-tuple change operations it was shown
early on that reachability can be maintained in DynFO for two important special cases: undirected
reachability and directed reachability on acyclic graphs (dags) [13, 15, 34]. We show here that these
results can be extended to complex insertions.

These results are shown with the help of a simple concept, bounded bridge distance. In a nutshell,
a change operation has bounded bridge distance, if whenever a graph resulting from such an
operation has a path from some node u to some node v , it also has such a path that uses only a
bounded number of newly inserted edges.

The remainder of this section consists of two parts. In the first part we consider the undirected
reachability query and present dynamic programs that maintain this query under first-order
insertions. Unfortunately those programs are not very practical as their size is non-elementary in
the size of the first-order insertions. Therefore we present more efficient programs for undirected
reachability under UCQ- and UCQ¬-definable insertions afterwards.

In the second part we present a dynamic program for the reachability query under quantifier-free
insertions on directed acyclic graphs. All these programs basically use the same auxiliary relations
as in the case of single-tuple changes. Both subsections start with a more formal definition of the
concept of bounded bridge distance. For each different kind of change operation we state their
respective bridge distance bounds which are used by the dynamic programs.
In Section 5, we report on experiments with a prototypical implementation of the resulting

dynamic programs for two CQ- and UCQ-definable change operations, respectively. The proofs
of the various bounded bridge distance results are delegated to Section 6. In Section 7, we show
complementing inexpressibility results for two prominent fragments of DynFO under complex
changes.

4.1 Undirected Reachability
In this subsection, we show that the undirected reachability query can be maintained in DynFO
under single-edge insertions and deletions and any finite set of first-order definable insertions. The
respective dynamic programs rely on bounds on the undirected bridge distance, to be defined next,
and the following Proposition 4.1 that will be shown in Section 6.
Let G ′ be a graph that is obtained from a graph G by an insertion of edges. For two nodes u,v

ofG ′, the undirected bridge distance ubdG,G′ (u,v ) is the minimal number d , such that there is a path
from u to v inG ′ that uses at most d edges that are not inG . We will refer to the new edges in such
paths as bridges. Since the two graphs will always be clear from the context, we usually simply write
ubd(u,v ) instead of ubdG,G′ (u,v ). We say that an insertion query ρ has the undirected bounded

bridge property if there is a constant c such that, for every graph G ′ resulting from a graph G by
applying ρ, and all nodes u,v of G, ubdG,G′ (u,v ) ≤ c . The smallest such c is called the undirected
bridge bound of ρ.

Proposition 4.1. Every first-order definable insertion query has the undirected bounded bridge

property.

Proposition 4.1 underlines the benefits of a theoretically well-founded framework. Its proof is not
very difficult with the help of some basic model-theoretic concepts such as rank-k-types. Since we
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want to avoid this machinery in the early sections of this article, we postpone its proof to Section 6.
With the help of Proposition 4.1, we can show the following result.

Theorem 4.2. Let ∆ be a finite set of first-order insertion queries. Then (qUReach,∆ ∪ ∆E ) can be

maintained in DynFO.

For the proof, we use the approach for maintaining qUReach under single-edge insertions and
deletions from [15, Theorem 4.3] and maintain a directed spanning forest and its transitive closure
relation. The undirected bounded bridge property allows the update of the spanning forest and its
transitive closure in a first-order definable way.

Proof. The dynamic program presented in [15, Theorem 4.3] maintains the symmetric transitive
closure of graphs under single-edge changes with the help of auxiliary relations H and TCH . The
binary relationH is a directed forest, whose undirected version is a spanning forest of the undirected
version of the input graph G, and TCH is its transitive closure.9 Observe that two nodes u and v
are in the same weakly connected component if and only if {(w,u), (w,v )} ⊆ TCH holds, for some
nodew .
We show how to maintain the relation H and TCH for a single FO insertion ρ. Since ∆ is finite,

the update program for ∆ is just the union of the update programs for each ρ ∈ ∆. For the moment
we assume a predefined linear order ≤ on the domain to be present. Let G be a graph and δ = ρ (ā)
an insertion, H a directed spanning forest of G and TCH its transitive closure. We show how to
FO-define the auxiliary relations H ′ and TC ′H for the modified graph G ′ = δ (G ).

We first describe a strategy to defineH ′ and then argue that it can be implemented by a first-order
formula. We call the smallest node of a weakly connected componentC ′ ofG ′ with respect to ≤ the
queen u0 of C ′. For each weakly connected component C of G that is a subgraph of C ′, we define
its queen level as the (unique) number ubd(u0,u), for nodes u ∈ C . Thanks to Proposition 4.1 the
queen level of each component is bounded by a constant c .
A directed edge (u,v ) is inserted into H ′ if the weakly connected components of u and v

have queen levels ℓ and ℓ + 1 with respect to some node u0 and for some ℓ < c , and (u,v ) is
the lexicographically smallest pair with respect to ≤ for which δ inserts (u,v ) or (v,u). Since
ubd(u,v ) ≤ c , for all nodes u,v in any component of δ (G ) and because, for each number h, there
are formulas θh (x ,y) expressing that ubd(x ,y) ≤ h, the lexicographically minimal bridges can be
defined by a first-order formula. In order to obtain a directed spanning forest, the direction of some
edges in the directed spanning tree of C might need to be flipped, as described in [15, Lemma 4.2].
Since the construction of H ′ ensures that along each directed path at most c new edges are

inserted, it is straightforward to extend the update formula of [15, Lemma 4.2] forTCH ′ . The update
formulas for the deletion of edges are the same as in the single-edge modification case.
It remains to show how the assumption of a predefined linear order can be eliminated. For a

change sequence α , we denote by Aα the set of parameters used in α . When applying α to an
initially empty graph, a linear order on Aα can be easily constructed as in the case of single-tuple
changes [18]. The crucial observation is that the remaining nodes in V \ Aα behave identically
with respect to all other nodes. More precisely, one can show by induction on |α |, that for all nodes
a ∈ V and b,b ′ ∈ V − Aα it holds (a,b) ∈ E ⇔ (a,b ′) ∈ E (and likewise (b,a) ∈ E if and only if
(b ′,a) ∈ E).
The dynamic program for maintaining qUReach maintains the relations H and TCH as described

above, yet restricted to the induced (and ordered) subgraphGα ofG on Aα . Whether two nodes are

9In [15], undirected graphs are considered but it is easy to see that qUReach on directed graphs can be basically maintained
in the same way. Furthermore, the relation H is used slightly differently, but the adjustments are straightforward.
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in the same weakly connected component of Gα can thus be inferred from H and TCH . Whether
two nodes are in the same weakly connected component ofG can be easily determined as follows.
• Two nodes a,a′ ∈ Aα are in the same weakly connected component of G if and only if they
are in the same weakly connected component of Gα or there is a node c ∈ V \Aα such that
there are edges (b, c ) (or (c,b)) and (b ′, c ) (or (c,b ′)) connecting c with some node b in the
connected component of a inGα and some node b ′ in the weakly connected component of
a′ in Gα .
• Two nodes a ∈ Aα and b ∈ V \ Aα are connected by a path if and only if there is an edge
between b and some node in the weakly connected component of a in Gα .
• Finally, two nodes a,a′ ∈ V \Aα are connected if and only they are connected by an edge or
they are both connected by an edge to some node b ∈ Aα .

□

The proof of Theorem 4.2 relied on the undirected bounded bridge property of first-order-
definable insertions. In a slightly different dynamic setting, the result can be generalised to inser-
tions defined by stronger logics like monadic second-order logic, as long as they have the undirected
bounded bridge property. In this alternative setting, the inserted edges are given to the program not
by a formula and parameters, but rather as a set of edges that has been defined by some formula.

The size of the dynamic programs of the proof of Theorem 4.2 depends on the undirected bridge
bounds of the insertion queries of ∆. Unfortunately, in the worst case the bridge bound grows
non-elementarily in the quantifier-rank. We therefore turn next to insertion queries with more
desirable bridge bounds (and reasonably small dynamic programs). More precisely, we consider
variants of conjunctive queries. We will see that for all these variants the bridge bounds – and
therefore also the size of the dynamic update programs – is bounded by the size of the insertion
queries.
Conjunctive queries correspond to select-project-join queries in the relational algebra and to

select-from-where queries with conjunctions of atoms in where-clauses in SQL [1], and constitute
one of the most investigated query languages for relational databases. We will see that the undi-
rected bridge bound of CQ-defined insertions is at most two and, more generally, for UCQ-defined
insertions based on the union of ℓ conjunctive queries it is at most 2ℓ. For CQ¬-defined insertions,
there is no constant undirected bridge bound, but it is still linear in the size of the query.
More formally, the class UCQ contains all unions of conjunctive queries (short: UCQs), that is,

queries expressible by formulas of the form φ (w̄ ) =
∨ℓ

i=1 ∃z̄ψi where eachψi is a conjunction of
atomic formulas.10 A conjunctive query is a UCQ for which ℓ = 1 holds. The class of conjunctive
queries is denoted by CQ. The extensions of CQ and UCQ by allowing negated atoms are denoted
by CQ¬ and UCQ¬, respectively. In the following, a UCQ-definable insertion query is a modification
query ρ (p̄) with a formula of the form E (x ,y)∨φ (p̄,x ,y), where φ is a union of conjunctive queries.
We will refer toφ (p̄,x ,y) as insertion formula. Analogously, we define CQ-definable insertion queries
and CQ

¬
-definable insertion queries.

Bounds on the bridge bounds of UCQ-defined insertion queries are stated in the following
proposition, which is proved in Section 6.

Proposition 4.3. The following undirected bridge bounds hold.
(a) For each UCQ-defined insertion query ρ that is a union of ℓ conjunctive queries, the undirected

bridge bound of ρ is at most 2ℓ. Moreover, this bound is tight.

10For notational simplicity we require here that each disjunct uses the same variables.
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12 Thomas Schwentick, Nils Vortmeier, and Thomas Zeume

(b) For each UCQ
¬
-defined insertion query ρ that is a union of ℓ conjunctive queries with negations

with at most k positive atoms each, the undirected bridge bound of ρ is at most 2(k − 1)ℓ.
(c) For each n ∈ N there is a CQ

¬
-defined insertion query ρ with undirected bridge bound ≥ n.

In a nutshell, the reason why Statement (a) holds is that if some CQ inserts at least three bridges
of a (new) path from u to v then it also has to insert some shortcut bridge.
With the bridge bounds of Proposition 4.3 the dynamic program constructed in the proof of

Theorem 4.2 becomes actually usable. Indeed, Statement (a) of Proposition 4.3 is the basis for our
implementation and experiments that are described in Section 5.

4.2 Reachability on Directed Acyclic Graphs
Now we turn to the other restriction for which DynFO maintainability under complex insertions
(and single-edge deletions) is preserved: directed reachability on directed, acyclic graphs. However
we are only able to show this result for quantifier-free insertions. In [34, Theorem 4.2], edge
insertions are only allowed if they do not add cycles. Of course, given the transitive closure of the
current edge relation it can be easily checked by a first-order formula (a guard) whether a new
edge closes a cycle. We will see that this is also possible for the complex insertions we consider.

As in the previous subsection, we begin by stating a bounded bridge property. However, we have
to modify it a bit to cope with the fact that insertion queries can introduces cycles into acyclic
graphs. The directed bridge distance bd is defined as the undirected bridge distance ubd, but with
respect to directed paths. We say that an insertion query ρ has the bounded bridge property on
directed acyclic graphs, if there is a constant c such that, for every graphG ′ resulting from a graph
G from C by applying ρ, G ′ contains a directed cycle with at most c bridges or, for all nodes u,v
of G, bdG,G′ (u,v ) ≤ c .

Proposition 4.4. Every quantifier-free insertion query has the bounded bridge property on directed
acyclic graphs.

The proof is again delegated to Section 6.
This property allows extending the technique for maintaining the transitive closure relation of

acyclic graphs under single-tuple changes used in [34] and [13] to quantifier-free insertions. As in
[34] and [13] no further auxiliary relations besides the transitive closure relation are needed. In
Section 7 we show that the transitive closure relation does not suffice for maintaining qReach for
acyclic graphs under insertions definable with existential quantifiers.

Theorem 4.5. Let ∆ be a finite set of quantifier-free insertion queries. Then (qReach,∆ ∪ ∆E ) can
be maintained in DynFO for directed, acyclic graphs. Furthermore, for each quantifier-free insertion,

there is a first-order guard which checks whether the insertion destroys the acyclicity of the graph.

Proof sketch. In [34, Theorem 4.2] and [13, Theorem 3.3], dynamic programs are given that
maintain the transitive closure of acyclic graphs under single-edge modifications, using only the
transitive closure as auxiliary relation. Thanks to Proposition 4.4, these programs can be easily
extended. Indeed, since the number of bridges of cycles created by the insertion, and — if the
graph remains acyclic — the bridge distance between two path-connected nodes are bounded by a
constant, a guard formula and an update formula for the transitive closure can be constructed in a
straightforward manner. □
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5 CASE STUDY: IMPLEMENTING DYNAMIC UNDIRECTED REACHABILITY UNDER
COMPLEX INSERTIONS

Dynamic DynFO programs can straightforwardly be implemented in relational database systems,
since first-order logic is a subset of SQL with respect to expressivity. Despite this, actual implemen-
tations and evaluations are rare.

In this section we empirically compare the evaluation of the undirected reachability query qUReach
under first-order defined insertions of edges using
(1) dynamic programs for complex changes, following the approach of Theorem 4.2;
(2) dynamic programs that process complex changes by treating them as a sequence of single-edge

changes;
(3) evaluation from scratch using SQL’s recursive queries; and
(4) evaluation from scratch using standard imperative algorithms, implemented in Python.
We do not include graph database systems into our comparison. In a preliminary test using

Neo4j11 and its standard Cypher interface, query evaluation did not terminate in reasonable time
even on very small instances. For general recursively defined queries a similar behaviorwas observed
in a recent study [3]. We note that plug-ins12 are available that enable Neo4j to evaluate qUReach
efficiently. The corresponding approach of query evaluation is, except of the chosen programming
language, covered by method (4) in our comparison.

Our implementations actually can update qUReach under more general first-order definable edge-
insertions on node coloured graphs. All variants can also deal with single-edge deletions, yet we
focus on first-order definable insertions since the (single-tuple) deletion of edges has been evaluated
already in [32].

This comparison is primarily intended as a proof of concept of the results obtained in Section 4.
Our results give strong arguments for the use of the dynamic approach for query evaluation.
For complex changes, our implementations of dynamic programs are considerably faster than
recomputation from scratch within SQL in almost all of the considered scenarios, and in some
scenarios even faster than the Python-based recomputation from scratch. This was not clear to
us before the empirical evaluation, since the benefit of reusing previously computed information
might have been smaller than the cost of updating all auxiliary relations. Furthermore, the dynamic
program for complex changes performs in general better than the dynamic program for single-edge
changes which is invoked once for every changed edge. The former program is capable of dealing
with a graph with nearly two million nodes obtained from the DBLP database.

Before we describe the implementation and our experiments in more detail, we quickly mention
previous implementations of dynamic programs. Dong et al. present SQL code for maintaining reach-
ability for acyclic directed, undirected, and general directed graphs under single-edge changes13
and analyse the number of joins needed to process a single-edge change [9]. Empirical results for
shortest distances in weighted undirected graphs under deletions, reported in [32], indicate that
the dynamic complexity approach can outperform recomputation from scratch significantly. The
compilation of a class of non-recursive queries into incremental programs has been studied and
implemented in [27, 28]. Evaluations of different strategies to maintain joins of base relations are
given in [41].
Next, we describe our implementation and, afterwards, we present our experiments and their

results.

11see https://neo4j.com/
12e.g. https://neo4j-contrib.github.io/neo4j-graph-algorithms/
13The code for reachability in general directed graphs cannot be translated to a DynFO-program, as it uses exponentially
many constants not present in the input graph. It further may need exponentially many updates per change step.

ACM Trans. Datab. Syst., Vol. 1, No. 1, Article . Publication date: July 2018.

https://neo4j.com/
https://neo4j-contrib.github.io/neo4j-graph-algorithms/


14 Thomas Schwentick, Nils Vortmeier, and Thomas Zeume

5.1 Implementation
We implement change operations and the evaluation methods (1)-(3) as PL/pgSQL functions for a
PostgreSQL database system. PL/pgSQL14 is a procedural language that enables the definition of
functions and allows the use of control structures in addition to SQL queries. From the latter, we
only use if-then-else blocks.
In our implementation, a change function writes the set of all inserted edges to a table delta.

The PL/pgSQL function DYN-complex, which implements the dynamic program that processes
complex changes, accesses this table and updates the auxiliary relations accordingly. It is invoked
before the changes are actually applied to the database. For processing a complex change as a
sequence of edge insertions, the dynamic program for single-edge insertions from [15] is used.
The PL/pgSQL function DYN-single implementing this program is invoked by a trigger when the
changes of delta are actually applied to the database, once for every edge. The PL/pgSQL function
STATIC-SQL that recomputes qUReach from scratch is invoked after the changes are applied and uses
Common Table Expressions, more specifically the WITH RECURSIVE construct15. It also has access
to delta, which is used, e.g., to avoid recomputation when no edge between two distinct connected
components was inserted. The algorithm STATIC-Python computes the connected components of
an undirected input graph and writes the result to the database. All four implemented functions
also work if graphs are coloured, hence we use coloured graphs for some of our experiments.
In order to store the query result for qUReach in a compact way, the functions use a binary table

connected_components that contains for each node a unique representative of its weakly connected
component. In the implementation, nodes are represented by integers and the representative of
a component is the minimal node with respect to the natural linear order. The transitive closure
of the graph is easily definable in SQL or first-order logic using this table. The reason to use
connected_components is its succinctness: it is of linear size with respect to the number of nodes,
whereas the full transitive closure might be of quadratic size.

For [15, Theorem 4.3] and Theorem 4.2, some effort is needed to maintain a linear order on
the nodes. As each database comes with a natural order — in our case, the natural order on the
integers —, it is not necessary to maintain a linear order. Apart from this difference and the rather
straightforward maintenance of connected_components, the implementations of the dynamic
programs follow the proofs of the corresponding results closely.

5.2 Experiments and discussions
We conducted three experiments comparing the performance of the four approaches for evaluating
qUReach under complex insertions. The first two experiments explore how the approaches differ
depending on the number of connected components that are joined by bridges. The third experiment
examines how they scale to large graphs. The experiments use insertions with small bridge bounds,
following the insights from Proposition 4.3.
All experiments were conducted on a machine with 28 CPU cores (56 threads) with 2.6 GHz

base frequency, of which we use only one, and 52 GB main memory, running Ubuntu 16.04, with a
local default installation of PostgreSQL 11devel. STATIC-Python uses Python 3.5.2 and version 1.11
of the NetworkX package16. If not stated otherwise, running times are obtained from six runs per
graph instance. The first run is discarded, as well as the fastest and the slowest run. The reported
time is the average of the three remaining runs (cf. [3]). Individual timings include the time to
update connected_components and, for the dynamic programs, a spanning forest and its transitive

14https://www.postgresql.org/docs/current/static/plpgsql-overview.html
15https://www.postgresql.org/docs/current/static/queries-with.html
16see https://networkx.github.io/
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closure. Not included is the time needed to compute delta, to apply the changes to the database,
and, for STATIC-Python, to build the input graph object.

First experiment. In the first experiment, we tested the evaluation methods for a change that con-
nects many different weakly connected components of the input graph. The considered change op-
eration inserts edges from some specified nodev to allC1 coloured nodes in a coloured graph, as ex-
pressed by ρ1 (v ) = µE (v ;x ,y) = E (x ,y) ∨

(
(x = v ) ∧C1 (y)

)
. This insertion query is CQ-definable,

and its bridge bound is 2.We tested this change on graphs of different sizes and for a vary-
ing number of edges. For each n ∈ {10000, 20000, 30000, 40000, 50000, 75000, 100000} and p ∈
{0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3} we constructed five graphs with n nodes, whose colours were cho-
sen uniformly at random from ten colours. Each graph was the disjoint union of an appropriate
number of graphs with 50 nodes each. For each of these graphs, the probability of an (undirected)
edge to be present was p. For each n we randomly chose a node vn , applied the change ρ1 (vn ) to
each graph of size n, and measured the time it took each evaluation method to (re-)compute the
table connected_components. Table 1 and Figure 1 give details on the graphs and the results of
the experiment, where the stated values for every pair n,p average over the five instances. Because
of the large running time, STATIC-SQL was, for p , 0, only tested for instances with at most 30000
nodes. Values marked ∗ were obtained with a reduced testing schedule: due to large running times,
only two runs on two instances were performed for every pair n,p, and the average over the four
runs is reported.
We observe that in this setting, where many weakly connected components can be joined by

one change, DYN-complex runs around two orders of magnitude faster than DYN-single. This is as
expected, since the latter program has to update the auxiliary information for many nodes multiple
times. Apart from the case p = 0 of initially empty graphs, direct processing of complex changes is
also faster than computation from scratch using SQL. In our tests, DYN-complex ran three to four
orders of magnitude faster than STATIC-SQL, which did not even terminate in reasonable time on
larger graphs. For p = 0, STATIC-SQL is faster than DYN-complex. This is as expected: because no
edge was present before the change, no prior auxiliary information is available to the dynamic
programs. Basically, they also have to recompute the query result from scratch.
In all cases, the dynamic approaches are outperformed by the Python-based evaluation from

scratch. For p , 0, the speed-up is between 2 and 8.

Second experiment. In the second experiment, we compared the evaluation methods for the same
graphs but for a change operation that connects only few weakly connected components. More
precisely, the change operation ρ2 with parameters v1, . . . ,v7 connects all neighbours of v1 and
v2 with the nodes v3, . . . ,v7 through the rule ρ2 (v̄ ) = µE (v1, . . . ,v7;x ,y) = E (x ,y) ∨

(
(E (x ,v1) ∨

E (x ,v2)
)
∧
(
y = v3 ∨y = v4 ∨y = v5 ∨y = v6 ∨y = v7)

)
. This change can be expressed by a union

of ten conjunctive queries. Its bridge bound is easily seen to be 2, which is much better than the
bound of 20 given by Proposition 4.3.
The set-up of this experiment is analogous to the first experiment. The case p = 0 was omitted,

since ρ2 does not change empty graphs at all. The results are provided in Table 2 and Figure 2.
In this experiment, DYN-complex was again considerably faster than STATIC-SQL and even

slightly faster than STATIC-Python. Also it outperformed DYN-single. This program in turn
performed very well on large graphs even in comparison to STATIC-Python. This seems to be
because it can tell rapidly whether an inserted edge lies inside a weakly connected component, and
thus can be ignored. STATIC-SQL performed better than in the first experiment, since the weakly
connected components after the change are smaller here.
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Table 1. Results of the first experiment (insertion of a star into graphs with n nodes, consisting of random
subgraphs of size 50 and edge probability p). The columns |E | and cc’s provide the number of edges and
weakly connected components before the change. ∆|E | provides the number of inserted edges by the change,
and ∆cc’s gives the difference of the number of weakly connected components. The columns DYN-c, DYN-s,
STAT-SQL, STAT-Py give the runtime in seconds of the algorithms DYN-complex, DYN-single, STATIC-SQL,
STATIC-Python, respectively. The values are avaraged over five instances for each pair (p,n).

p n |E | cc’s ∆ |E | ∆cc’s DYN-c DYN-s STAT-SQL STAT-Py DYN-s
DYN-c

STAT-SQL
DYN-c

STAT-Py
DYN-c

0 10000 0 10000 943 -943 1.74 27.43 1.2 0.33 15.79 0.69 0.19
0 20000 0 20000 2048 -2048 9.75 118.9 4.86 0.55 12.19 0.5 0.06
0 30000 0 30000 3118 -3118 19.51 234.48 11.3 0.78 12.02 0.58 0.04
0 40000 0 40000 3970 -3970 39.06 1426.98* 18.36 1.05 36.53* 0.47 0.03
0 50000 0 50000 5038 -5038 33.19 1404.24* 31.55 1.22 42.31* 0.95 0.04
0 75000 0 75000 7490 -7490 47.47 2473.57* 69.59 1.91 52.11* 1.47 0.04
0 100000 0 100000 10120 -10120 145.93 5588.25* 130.78 2.42 38.29* 0.9 0.02

0.05 10000 12259.6 1124 998.8 -308.2 0.91 93.42 113.06 0.34 102.78 124.39 0.37
0.05 20000 24577.6 2229.8 1991.8 -600.8 2.38 402.25 487.48 0.53 168.86 204.64 0.22
0.05 30000 36835.8 3377.2 2988 -922.6 3.79 777.28 1237.56* 0.79 205.15 326.64* 0.21
0.05 40000 48991.6 4530.2 3969.6 -1230.2 7.85 2887.69* - 0.97 367.98* - 0.12
0.05 50000 61259 5649.8 4943 -1523.4 7.93 2867.01* - 1.25 361.65* - 0.16
0.05 75000 91862 8457.6 7406.2 -2289.4 12.55 5643.84* - 1.88 449.56* - 0.15
0.05 100000 122644 11291 9975.2 -3063.6 20.16 12227.03* - 2.35 606.38* - 0.12
0.1 10000 24546.4 261.4 983.2 -203 0.75 54.03 192.53 0.31 71.8 255.85 0.41
0.1 20000 48911 519.4 1988.2 -407.4 1.8 209.54 865.77 0.53 116.63 481.87 0.3
0.1 30000 73412.4 789.8 2977 -613.2 2.59 410.03 2145.46* 0.76 158.07 827.08* 0.29
0.1 40000 97919.4 1034.6 4002.4 -817.8 4.43 1432.73* - 0.91 323.42* - 0.2
0.1 50000 122317 1297.6 5003.8 -1023.8 5.08 1473.1* - 1.26 289.72* - 0.25
0.1 75000 183908.8 1923.6 7505.8 -1538 7.84 2595.37* - 1.84 330.89* - 0.23
0.1 100000 245126.4 2575.8 9966.8 -2043 11.24 6004.65* - 2.50 534.15* - 0.22
0.15 10000 36659.4 204.2 985 -198.8 0.76 46.35 248.44 0.3 60.76 325.67 0.39
0.15 20000 73491.2 406 1982 -397 1.58 179.11 1106.47 0.54 113.02 698.19 0.34
0.15 30000 110142.8 609.8 2975.4 -598 2.52 355.1 2732.98* 0.81 140.84 1083.99* 0.32
0.15 40000 147038 815.4 3996.2 -797 4.01 1253.63* - 1.05 312.48* - 0.26
0.15 50000 183608.2 1017.6 5027.2 -996.6 4.74 1252.73* - 1.26 264.24* - 0.27
0.15 75000 275649.8 1527.8 7377.8 -1491.2 7.02 2148.04* - 1.84 306.06* - 0.26
0.15 100000 367722.8 2037.6 10038.2 -1992.6 10.36 4390.39* - 2.56 423.73* - 0.25
0.2 10000 48912 200.2 1001.6 -198 0.64 42.45 301.25 0.3 66.55 472.25 0.48
0.2 20000 97934.6 400.6 2004.8 -396.4 1.48 177.88 1350.96 0.55 120.14 912.48 0.37
0.2 30000 146978.6 600.6 2991.8 -597.6 2.17 327.65 3321.56* 0.8 151.03 1531.12* 0.37
0.2 40000 195696.4 801 3984.6 -795 3.86 1189.67* - 1.04 307.87* - 0.27
0.2 50000 245184.2 1000.8 4975.8 -992.6 4.29 1190.05* - 1.29 277.59* - 0.3
0.2 75000 367597.4 1501.2 7560.6 -1493.8 6.63 2064.55* - 1.85 311.61* - 0.28
0.2 100000 490189.4 2002 9961.6 -1988.8 10.07 3912.13* - 2.56 388.51* - 0.25
0.25 10000 61323.2 200 975.4 -198.6 0.65 41.86 369.78 0.3 64.59 570.55 0.47
0.25 20000 122483.6 400 2022 -397 1.43 175.22 1549.37 0.55 122.58 1083.88 0.38
0.25 30000 183640.2 600 2993.2 -596.8 2.17 308.71 3992.07* 0.83 142.37 1841.06* 0.38
0.25 40000 244909.2 800 3977 -794 3.44 1089.95* - 1.04 316.77* - 0.3
0.25 50000 306185 1000 4979 -993.4 4.07 1141.95* - 1.31 280.37* - 0.32
0.25 75000 459241.8 1500.4 7537.2 -1493 6.77 1954.61 - 1.88 288.89* - 0.28
0.25 100000 612608 2000 9956.4 -1987.4 9.86 3817.87* - 2.61 387.37* - 0.27
0.3 10000 73516.6 200 987.6 -199 0.58 40.34 417.09 0.32 69 713.43 0.54
0.3 20000 146868.2 400 1998.2 -395.8 1.36 162.49 1780.68 0.62 119.43 1308.86 0.46
0.3 30000 220461.2 600 2999 -596.6 2.13 295.67 4408.44* 0.8 139.1 2074.04* 0.38
0.3 40000 294246.4 800 3992 -793.2 3.33 1078.65* - 1.11 323.76* - 0.33
0.3 50000 367958.6 1000 4939.6 -994.4 4.16 1134.23* - 1.29 272.53* - 0.31
0.3 75000 551294.2 1500 7481.2 -1489.6 6.19 1908.72* - 1.92 308.38* - 0.31
0.3 100000 735921.8 2000 10018.6 -1987 9.64 3789.45* - 2.6 393.14* - 0.27

ACM Trans. Datab. Syst., Vol. 1, No. 1, Article . Publication date: July 2018.



Dynamic Complexity under Definable Changes 17

0 0.1 0.2 0.3

0.1
1

10
100

1,000

p

ra
tio

to
DY
N-
co
mp
le
x

(a) n = 10000

0 0.1 0.2 0.3

0.1
1

10
100

1,000

p

ra
tio

to
DY
N-
co
mp
le
x

(b) n = 20000

0 0.1 0.2 0.3

0.1
1

10
100

1,000

p

ra
tio

to
DY
N-
co
mp
le
x

(c) n = 30000

0 0.1 0.2 0.3

0.1
1

10
100

1,000

p

ra
tio

to
DY
N-
co
mp
le
x

(d) n = 100000

5 10

0.1
1

10
100

1,000

n (× 10000)

ra
tio

to
DY
N-
co
mp
le
x

(e) p = 0

5 10

0.1
1

10
100

1,000

n (× 10000)

ra
tio

to
DY
N-
co
mp
le
x

(f) p = 0.05

5 10

0.1
1

10
100

1,000

n (× 10000)

ra
tio

to
DY
N-
co
mp
le
x

(g) p = 0.1

5 10

0.1
1

10
100

1,000

n (× 10000)

ra
tio

to
DY
N-
co
mp
le
x

(h) p = 0.3

Fig. 1. Ratios of the running times in Experiment 1 of the different evaluation methods compared to
DYN-complex, for different values of n and p, as listed in Table 1. Dashed lines indicate that the values
are obtained with a reduced testing schedule. : DYN-single

DYN-complex : STATIC-SQL
DYN-complex : STATIC-PythonDYN-complex

Third experiment. For the last experiment, we tested the performance of the dynamic programs
on a large real-world graph. The graph Gdblp is obtained from a snapshot of the DBLP dataset from
June 201717. The nodes of Gdblp correspond to authors, and edges are based on co-authorship: an
(undirected) edge (u,v ) implies that the authors corresponding to u and v are co-authors of some
publication.

We tested the performance for both insertions ρ1 and ρ2. As ρ1 is an insertion query for coloured
graphs, we coloured one out of thousand nodes with colour C1. Details on the DBLP graph and the
results of the experiment are provided in Table 3.
While DYN-complex updated the query result in a reasonable amount of time in both tests,

DYN-single was only able to do so for the “easier” change ρ2. It needed more than 100 minutes
to process the change ρ1. However, for ρ2, DYN-single was actually the fastest method. Again,
DYN-complex was slightly faster than STATIC-Python. STATIC-SQL reached its limits in this ex-
periment: it did not finish within twelve hours.

Discussion. We conclude from the results of the experiments that using dynamic programs
and in particular DYN-complex to maintain undirected reachability can reduce the running time
significantly, especially compared with STATIC-SQL. Not surprisingly, a special purpose program
evaluating from scratch can achieve better results. That said, we actually expected the gap to
DYN-complex to be larger, and we are surprised that for some test cases, and in particular for the
large real-world graph Gdblp, DYN-complex even performs slightly better. In any case, if no such
program is at hand, the dynamic solution can be by far the best solution.
The results indicate that, as expected, the running time of DYN-single and DYN-complex is

dominated by the number of connected components that are connected by the change; the running
17see http://dblp.dagstuhl.de/xml/release/
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Table 2. Results of the second experiment (insertion of edges between up to seven connected components of
graphs with n nodes, consisting of random subgraphs of size 50 and edge probability p). See Table 1 for an
explanation of the columns.

p n |E | cc’s ∆ |E | ∆cc’s DYN-c DYN-s STAT-SQL STAT-Py DYN-s
DYN-c

STAT-SQL
DYN-c

STAT-Py
DYN-c

0.05 10000 12259.6 1124 28 -5.8 0.25 0.56 1.07 0.3 2.21 4.24 1.19
0.05 20000 24577.6 2229.8 32 -6 0.4 1.06 1.83 0.56 2.67 4.6 1.4
0.05 30000 36835.8 3377.2 21 -5.6 0.54 1.42 2.66 0.77 2.64 4.95 1.43
0.05 40000 48991.6 4530.2 28 -6 0.73 1.94 3.55 0.98 2.65 4.86 1.34
0.05 50000 61259 5649.8 27 -5.6 0.84 2.21 4.39 1.22 2.65 5.25 1.45
0.05 75000 91862 8457.6 31 -6 1.26 3.45 6.12 1.84 2.75 4.87 1.47
0.05 100000 122644 11291 20 -5.8 1.59 4.39 8.25 2.34 2.76 5.19 1.47
0.1 10000 24546.4 261.4 34 -6 0.22 0.5 1.53 0.29 2.27 6.92 1.31
0.1 20000 48911 519.4 49 -6 0.33 0.88 2.71 0.55 2.67 8.19 1.66
0.1 30000 73412.4 789.8 43 -6 0.46 1.16 3.84 0.78 2.53 8.34 1.69
0.1 40000 97919.4 1034.6 56 -6 0.57 1.41 4.86 0.99 2.48 8.52 1.74
0.1 50000 122317 1297.6 47 -6 0.64 1.69 5.81 1.23 2.64 9.05 1.92
0.1 75000 183908.8 1923.6 47 -6 0.83 2.56 8.68 1.84 3.08 10.43 2.21
0.1 100000 245126.4 2575.8 48 -6 1.13 3.39 11.66 2.52 3 10.33 2.23
0.15 10000 36659.4 204.2 72 -6 0.21 0.44 1.9 0.32 2.09 8.92 1.51
0.15 20000 73491.2 406 71 -6 0.30 0.68 3.14 0.56 2.24 10.38 1.85
0.15 30000 110142.8 609.8 70 -6 0.35 0.87 4.57 0.78 2.49 13.05 2.23
0.15 40000 147038 815.4 73 -6 0.42 1.14 5.83 1.01 2.72 13.88 2.4
0.15 50000 183608.2 1017.6 59 -6 0.48 1.45 7.04 1.24 3.01 14.61 2.58
0.15 75000 275649.8 1527.8 62 -6 0.73 2.25 10.74 1.86 3.07 14.67 2.55
0.15 100000 367722.8 2037.6 65 -6 0.98 2.95 14.4 2.57 3.02 14.76 2.63
0.2 10000 48912 200.2 99 -6 0.19 0.42 2.19 0.31 2.21 11.65 1.63
0.2 20000 97934.6 400.6 94 -6 0.23 0.54 3.44 0.56 2.35 14.93 2.42
0.2 30000 146978.6 600.6 108 -6 0.29 0.79 5.34 0.8 2.72 18.36 2.75
0.2 40000 195696.4 801 98 -6 0.38 1.05 6.79 1.01 2.79 18.07 2.68
0.2 50000 245184.2 1000.8 89 -6 0.43 1.33 8.56 1.28 3.11 20 2.99
0.2 75000 367597.4 1501.2 91 -6 0.68 2.08 12.84 1.87 3.05 18.87 2.74
0.2 100000 490189.4 2002 107 -6 0.9 2.77 17.19 2.65 3.09 19.19 2.96
0.25 10000 61323.2 200 124 -6 0.20 0.39 2.51 0.31 1.92 12.4 1.55
0.25 20000 122483.6 400 107 -6 0.22 0.5 4.06 0.57 2.21 18.11 2.53
0.25 30000 183640.2 600 127 -6 0.28 0.76 6.06 0.8 2.7 21.46 2.87
0.25 40000 244909.2 800 119 -6 0.35 1 8.23 1.03 2.82 23.22 2.9
0.25 50000 306185 1000 116 -6 0.41 1.26 10.08 1.29 3.08 24.6 3.15
0.25 75000 459241.8 1500.4 134 -6 0.64 1.98 14.94 1.92 3.08 23.18 2.98
0.25 100000 612608 2000 104 -6 0.86 2.65 20.17 2.69 3.07 23.33 3.12
0.3 10000 73516.6 200 137 -6 0.16 0.28 2.56 0.3 1.8 16.36 1.93
0.3 20000 146868.2 400 138 -6 0.2 0.49 4.6 0.57 2.42 22.62 2.82
0.3 30000 220461.2 600 135 -6 0.28 0.75 6.96 0.81 2.68 24.9 2.89
0.3 40000 294246.4 800 159 -6 0.35 0.97 9.02 1.11 2.76 25.64 3.16
0.3 50000 367958.6 1000 160 -6 0.4 1.22 11.11 1.3 3.05 27.76 3.25
0.3 75000 551294.2 1500 115 -6 0.63 1.93 16.84 1.92 3.06 26.74 3.05
0.3 100000 735921.8 2000 142 -6 0.83 2.56 22.59 2.72 3.1 27.35 3.29
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Fig. 2. Ratios of the running times in Experiment 2 of the different evaluation methods compared to
DYN-complex, for different values ofn andp, as listed in Table 2. : DYN-single

DYN-complex : STATIC-SQL
DYN-complex : STATIC-PythonDYN-complex

Table 3. Results of the third experiment (application of the changes of the first two experiments to a large
real-world graph). See Table 1 for an explanation of the columns. Timings for STATIC-SQL are not listed, as
the experiment did not finish within twelve hours.

Graph |V | |E | cc’s change ∆ |E | ∆cc’s DYN-c DYN-s STAT-SQL STAT-Py DYN-s
DYN-c

STAT-SQL
DYN-c

STAT-Py
DYN-c

Gdblp 1949121 8823792 151874 ρ1 1950 -248 51.29 6270.86 − 59.65 122.26 − 1.16
Gdblp 1949121 8823792 151874 ρ2 140 -3 42.1 38.11 − 52.31 0.91 − 1.24

time of STATIC-SQL and STATIC-Python on the other hand is dominated by the size of the graph,
and for STATIC-SQL in particular by the size and the density of the connected components. So, the
relative performances of the different evaluation methods very much depend on the test case at
hand.

6 BOUNDED BRIDGE DISTANCE
In this section, we prove the bridge bounds that were stated in Section 4.

We first show that every first-order definable insertion query has the undirected bounded bridge
property. The proof makes use of the result by Feferman-Vaught that the rank-k first-order type
of the disjoint union of two structures is determined by the rank-k first-order types of these two
structures [19, 20] (see also [31]).
The rank-k type of a tuple ā of arity ℓ with respect to a structure S is the set of all first-order

formulas φ (x̄ ) of quantifier-rank k with ℓ free variables such that S |= φ (ā) (cf. [29, Definition
3.14]). Here the quantifier-rank of a formula is its maximum nesting depth of quantifiers. We denote
the set of rank-k types of tuples of arity ℓ by FO[k, ℓ]. Note that because there are only finitely
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many semantically non-equivalent first-order formulas of quantifier-rank k with ℓ free variables,
the set FO[k, ℓ] is finite for all k and ℓ, although of non-elementary size.

Our proof of Proposition 4.1 uses the following version of the Theorem of Feferman and Vaught.

Theorem 6.1 (Theorem of Feferman and Vaught [19, 20]). Let A and B be two structures.

Then the rank-k types of a tuple ā ofA and a tuple b̄ of B uniquely determine the rank-k type of the

tuple (ā, b̄) in the disjoint union of A and B.

Proof (of Proposition 4.1). We show that each first-order definable insertion operation ρ with
underlying first-order formula µ (p̄; x̄ ) of quantifier-rank k has the undirected bounded bridge
property. Let ℓ be the arity of p̄ and c ′ the number of FO[k, 1]-types of directed graphs. We will
bound the number of bridges on undirected paths created by ρ by c def

= ℓ + c ′.
To this end letG be a graph and let δ = ρ (ā) for some tuple ā of nodes ofG . Let u,v be two nodes

that are connected by some path π of the form u = w0,w1, . . . ,wr = v in δ (G ). Let q be the number
of bridges of π , that is, edges that are not in G. Our goal is to show that there exists such a path
with at most c bridges. For q ≤ c , there is nothing to prove, so we assume q > c . It suffices to show
that there is a path from u tov with fewer than q bridges. Let (u1,v1), . . . , (uq ,vq ) be the bridges in
π . If for some i , the nodes ui and vi are in the same weakly connected component of G (before the
application of δ ), we can replace the bridge (ui ,vi ) by a path of “old” edges resulting in an overall
path with q − 1 bridges. Similarly, if ui and uj are in the same weakly connected component of G,
for some i < j, we can shortcut π by a path from ui to uj inside G. Therefore, we can assume that,
for every i , the nodes ui and vi are in different weakly connected components ofG , and likewise ui
and uj for i < j.

We show that in this case there are i, j with i < j such that µ defines an edge between ui and vj ,
and therefore a path with fewer bridges can be constructed by shortcutting the path π with the
edge (ui ,vj ). Indeed, by the choice ofm there must be two nodes ui and uj , with i < j, in distinct
weakly connected components of G that do not contain any element from ā, such that ui and uj
have the same FO[k, 1]-type in their respective connected components. By Theorem 6.1, it follows
that (ui ,vj , ā) and (uj ,vj , ā) have the same FO[k, ℓ+ 2]-types and therefore, since µ defines an edge
between uj and vj , it also defines an edge between ui and vj . Clearly, the path u, . . . ,ui ,vj , . . . ,v
has fewer bridges than π . □

We next turn to the undirected bridge bounds for UCQ-defined insertion queries.

Proof (of Proposition 4.3). Before we prove the three statements, we introduce some further
notation. An insertion formula φ (p̄;x ,y) may have a free tuple p̄ of variables for parameters and
two variables x ,y that represent the two nodes of edges to be inserted. We write (G, ā,u,v ) |= φ to
indicate that φ becomes true inG under the valuation η, which maps p̄ to ā, x to u and y to v . For a
UCQ φ =

∨ℓ
i=1 ∃z̄ψi this holds if and only if (G, ā,u,v ) |= ∃z̄ψi , for some i . For any disjunct CQψi

it holds (G, ā,u,v ) |= ψi if η can be extended to a valuation that also maps the variables from z̄ such
that all atomic formulas inψi become true.18 In the following, we associate a (hyper-)graph with a
conjunctive query as it is common in the literature on CQs [22]. For each CQψi we consider its set
Mi of maximal weakly connected components in the common (hyper-)graph associated withψi . We
note that each weakly connected component ofψi can be mapped to a different weakly connected
component of the graph. Indeed, e ach component in Mi yields a CQ θ = ∃ȳθ ′, where θ ′ is the
conjunction of all atoms of the component and ȳ contains only the variables of the component.
We call these formulas the patterns ofψi . For each i , we denote the pattern in which x occurs by

18We use the standard semantics for UCQs and CQs here, but describe it in a way that facilitates our arguments below.

ACM Trans. Datab. Syst., Vol. 1, No. 1, Article . Publication date: July 2018.



Dynamic Complexity under Definable Changes 21

θxi and likewise for θyi . We note that (G, ā,u,v ) |= ψi holds if and only if (G, ā,u,v ) |= θ , for every
pattern θ ∈ Mi .

In the following, we assume, without loss of generality, that θxi and θyi are always different: if x
and y are in the same connected component ofψi , then the pattern θxi = θ

y
i can only be satisfied by

valuations that map x and y to nodes that are connected by an undirected path, and thus new edges
are only inserted inside (weakly) connected components of a graph. We write (G, ā,x/u) |= θxi to
indicate that θxi becomes true in G under an valuation which maps p̄ to ā and x to u. Similarly,
(G, ā,y/v ) |= θ

y
i .

For the proof of the upper bound of Statement (a), let us assume, towards a contradiction, that
there is a graph G, a change δ = ρ (ā) and two nodes u,v such that ubdG,δ (G ) (u,v ) ≥ 2ℓ + 1,
that is, there is an undirected path π in δ (G ) from u to v with at least 2ℓ + 1 bridges, and there
is no such path with fewer bridges. By the pigeonhole principle, at least three (not necessarily
consecutive) bridges (u1,v1), (u2,v2), (u3,v3) from π are inserted by the same CQψi . In particular,
(G, ā,u1,v1) |= ψi and (G, ā,u3,v3) |= ψi . Without loss of generality, we assume that u1 is the first
of these six nodes that occurs on the path from u to v and that (u3,v3) is the last of the three edges
on this path.19 In particular, neither u3 nor v3 can be in the weakly connected component of v1
in G.
From (G, ā,u1,v1) |= ψi and (G, ā,u3,v3) |= ψi we can conclude that (G, ā,x/u1) |= θxi and

(G, ā,y/v3) |= θ
y
i . For all other patterns θ of ψi it holds (G, ā) |= θ . Altogether this yields

(G, ā,u1,v3) |= ψi and thus δ also inserts the edge (u1,v3). However, this edge can be used to
shortcut π , resulting in a path from u to v with fewer bridges, the desired contradiction, thus
showing Statement (a).

We now show that the bound is actually tight. For any prime q let χq (z) be the conjunctive query
∃z1, . . . , zq−1E (z, z1) ∧ E (z1, z2) ∧ · · · ∧ E (zq−1, z) expressing that z lies on a cycle of length q. For
each i ≤ ℓ, let ψi (x ,y) = χq2i−1 (x ) ∧ χq2i (y), where qj denotes the jth prime number. That is, an
edge (u,v ) is inserted due toψi whenever u is part of a cycle of length q2i−1 and v is part of a cycle
of length q2i , for some i . Furthermore, for every prime q, let Cq be a cycle graph with q nodes.

For any prime numbers p,q, it is easy to see that (Cp ,u) |= χq (z) holds for a node u of a cycleCp
if and only if p = q.
To show that for CQs the bridge bound 2 is sharp, we can consider the insertion formula

ψ1 (x ,y) = χ2 (x ) ∧ χ3 (y) and let G be a graph consisting of three disjoint cycles, two of length 2,
and one of length 3. Let u,v be two nodes from the two different length 2 cycles. It is easy to see
thatψ1 introduces an edge from every 2-cycle node to every 3-cycle node and thus produces an
undirected path with 2 bridges from u and v , but there is no such path with fewer bridges.

For arbitrary ℓ > 1 we need a slightly more complicated construction. To this end, let φ (x ,y) =∨ℓ
i=1 ∃z̄ψi (x ,y) and, for numbersm1,m2, let Dm1,m2 be a graph consisting of a cycle of lengthm1

and a cycle of lengthm2, which have one node in common. Finally, let G be the disjoint union of
• ℓ + 2 cycles Cq1 ,Cq2 ,Cq4 . . . ,Cq2ℓ−2 ,Cq2ℓ−1 ,Cq2ℓ , and
• ℓ − 1 graphs Dq1,q3 ,Dq3,q5 , . . . ,Dq2ℓ−3,q2ℓ−1 .

Now it is not hard to verify that, if u is some node from Cq1 and v from Cq2ℓ−1 the application of φ
yields paths from u to v through the subgraphs Cq2 ,Dq1,q3 ,C3,Dq3,q5 ,C5, . . . ,Dq2ℓ−3,q2ℓ−1 ,Cq2ℓ , in
that order (see Figure 3). Each of these paths has 2ℓ bridges and it is not hard to see that there is no
path with fewer bridges since edges are only inserted between consecutive subgraphs in the above
sequence.

19However, since we consider undirected paths, we do not know whether u3 is visited before v3 in π .
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Fig. 3. Illustration of the graph from the proof of Proposition 4.1a for ℓ = 4. EachCqi depicts a cycle of length
qi . Bridges are highlighted in blue and annotated by the conjunct used for their insertion.

For a proof of Statement (b) we only need to extend the argument for the upper bound of
Statement (a) slightly. Conceptually, we view a CQ with negation as a formula of the form ∃z̄ψ ∧ψ ′,
whereψ is a conjunction of positive atoms andψ ′ a conjunction of negated atoms. We recall that
each variable of a CQ with negation needs to occur in some positive atom. For such a query to
hold in a database, the CQ ∃z̄ψ has to become true in the same way as above, by making all its
patterns true. We refer to these patterns in the following as the positive patterns. Furthermore, for
some valuation which witnesses that ∃z̄ψ holds, all negated atoms ofψ ′ need to hold. Since E is
the only available relation symbol, this rules out the existence of some edges between the nodes in
the range of the valuation.
We will show a slightly stronger upper bound than stated in the proposition.20 Let ρ (p̄) be a

UCQ¬ φ (p̄;x ,y) = ∨ℓ
i=1 ∃z̄ψi (p̄;x ,y) where eachψi has at most k positive patterns. We show that

the undirected bridge bound of ρ is at most 2(k − 1)ℓ.
Towards a contradiction, we now assume that there is a graph G, a change δ = ρ (ā) and two

nodes u,v such that ubdG,δ (G ) (u,v ) ≥ 2(k − 1)ℓ + 1, as witnessed by an undirected path π in δ (G )
from u to v with at least 2(k − 1)ℓ + 1 bridges, and the absence of a path with fewer bridges. By
the pigeonhole principle, there is a CQ¬ ψi that inserts at least 2k − 1 (not necessarily consecutive)
bridges (u1,v1), . . . , (u2k−1,v2k−1) of π . Let again,u1 be the first of these nodes in π and letw be the
last (i.e.,w = u2k−1 orw = v2k−1). We fix a valuation η which witnesses (G, ā,u1,v1) |= ψi . To make
the k − 2 positive patterns ofψi , which do not contain x or y, true, variables of z̄ can be mapped
into at most k − 2 weakly connected components of G. If some weakly connected component of G
would contain more than two of the nodes v3, . . . ,v2k−1 under η, π could be shortcut yielding a
path from u to v with fewer bridges. Likewise, none of them can be from the components of u1
or v1. Therefore, at least one of the nodes v3, . . . ,v2k−1 must be from a component of G that is
not in the range of η. Let j be chosen, such that vj is such a node and let η′ be a valuation that
witnesses (G, ā,uj ,vj ) |= ψi . Since η′ maps the variables of θyi into a component of G that is not in
the range of η, the valuation η′′ that coincides with η′ on the variables of θyi and with η everywhere
else witnesses (G, ā,ui ,vj ) |= ψi . Therefore, there is a shortcut edge from u1 to vj , the desired
contradiction. It is worth mentioning here, that we can be sure that for all negated atoms of the
form ¬E (z1, z2) where z1 is from θ

y
i and z2 from some other positive pattern ofψi , there is no edge

from η′′(z1) to η′′(z2), since these nodes are in different components of G (and likewise for atoms
¬E (z2, z1)). This completes the proof of Statement (b).

Towards (c), our goal is to construct a CQ¬-defined insertion query ρ as well as a graph G
consisting of connected components D0, . . . ,Dn , each Di with a distinguished node vi such that
the application of ρ inserts exactly the edges (v0,v1), . . . (vn−1,vn ). Then the undirected bridge
distance between v0 and vn will be n.

20We opted for a weaker Statement (b), since we did not want to define the notion of pattern before stating the proposition.
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C3

C5

v0
C7
v1

C3
v2

C5

C7

v3

Fig. 4. Illustration of the graph from the proof of Proposition 4.3c for n = 3 with Q = {3, 5, 7}, q(0, 2) = 3,
q(0, 3) = 5, and q(1, 3) = 7. Each Ci depicts a cycle of length i and bridges are highlighted in blue. As an
example, the cycles of length three prevent the insertion of the edge (v0,v2).

The distinctive feature of the nodes vi will be self-loops. The remaining challenge is to construct
the insertion query and the components of G such that no edge between components Di and D j is
inserted if |i−j | > 1. To this end, let, for each i, j ∈ {0, . . . ,n}with |i−j | > 1,q(i, j ) be a distinct prime
number and letQ be the set of all these prime numbers, that is,Q = {q(i, j ) | 0 ≤ i, j ≤ n, |i−j | > 1}21.
For each i ∈ {0, . . . ,n}, let Qi be the set {q(i, j ) | 0 ≤ j ≤, |i − j | > 1}. For a finite set N of numbers
let DN be a graph with one distinguished nodev with a self-loop, and one directed cycle of length q,
for each q ∈ N , all of them containing the node v and otherwise being disjoint. Finally, the graphG
is the disjoint union of graphs DQ0 , . . . ,DQn , where in each DQi the distinguished node is denoted
by vi (see Figure 4).

Now we construct a CQ¬ insertion formula that inserts exactly the edges (v0,v1), . . . , (vn−1,vn )
into G. To this end, it inserts an edge (u,v ) if (1) u, v have self-loops, (2) for each q ∈ Q , there is
some cycle of length q in G, which avoids u and v . For each k , let

χk (x ,y,x1, . . . ,xk ) = E (x1,xk ) ∧
k−1∧
i=1

E (xi ,xi+1) ∧
k∧
i=1

(¬E (x ,xi ) ∧ ¬E (y,xi )).

That is, χk expresses that the variables x1, . . . ,xk are mapped to a closed path of length k and that
x and y do not occur on that cycle. Finally, the insertion query ρ is induced by the CQ¬ formula

φ (x ,y) = E (x ,x ) ∧ E (y,y) ∧
∧
q∈Q

∃x1, . . . ,xq χq (x ,y,x1, . . . ,xq ).

We claim that the undirected bridge distance between v0 and vn in G is n with respect to the
insertion ρ. It is at most n since the edges (v0,v ), . . . (vn−1,vn ) are inserted by ρ. On the other hand,
no edge between components Di and D j is inserted if |i − j | > 1. To see this, we observe first that φ
only allows to insert edges between distinguished nodes vi and vj due to the required self-loop.
Towards a contradiction, let us assume that ρ inserts an between nodes vi and vj with |i − j | > 1.
Let q = q(i, j ). However, cycles of length q only occur in Di and D j and can thus not be used to
satisfy ∃x1, . . . ,xq χq (x ,y,x1, . . . ,xq ), the desired contradiction. □

Finally, we give the proof for the bridge bound for quantifier-free insertion queries on directed
acyclic graphs.

Proof (of Proposition 4.4). We show that each quantifier-free insertion operation ρ with un-
derlying formula µ (p̄; x̄ ) has the bounded bridge property on acyclic graphs. Let ℓ be the arity of
the parameter tuple of ρ and c ′ the number of FO[0, ℓ + 1]-types of graphs. We will bound the
number of bridges on paths created by ρ by c def

= c ′ + 1.

21Thanks to the ability to use negated atoms it is not strictly necessary to work with primes. However, we aim at a
construction that indicates where negated atoms are really needed.
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To this end letG be a directed, acyclic graph, let δ = ρ (ā) be a change, and let u,v be nodes ofG .
As in the proof of Proposition 4.1, we show that each path π from u to v with q > c ′ bridges can be
transformed into a path with fewer bridges, unless a cycle with at most c bridges is introduced.
To this end, let (u1,v1), . . . , (uq ,vq ) be the bridges in π . Since q is larger than the number c ′

of FO[0, ℓ + 1]-types, there are i, j with 1 ≤ i < j ≤ c ′ such that (vi , ā) and (vj , ā) have the same
FO[0, ℓ + 1]-types. We distinguish three cases. In case (1), the edge (vi ,ui ) is in G and thus δ
introduces a cycle of length 2. In case (2), the edge (vj ,ui ) is in G and, together with the sub-path
from ui to vj , constitutes a cycle with at most c bridges. In case (3), ui is neither connected to vi nor
to vj by an edge. Therefore (ui ,vi , ā) and (ui ,vj , ā) have the same FO[0, ℓ + 2]-types and δ inserts
an edge (ui ,vj ) as well, the desired shortcut. □

7 INEXPRESSIBILITY RESULTS
So far we have seen examples of queries that can be maintained byDynFO programs under definable
changes. While, e.g., reachability can be maintained under definable insertions for restricted graphs,
our current techniques seem not to suffice for maintaining reachability under definable insertions
and deletions, even for restricted graph classes. In this section we approach the question whether
there are inherent obstacles towards such results, that is, we aim at proving inexpressibility results
for reachability.

It is notoriously difficult to show that a query cannot be maintained by aDynFO program. Indeed,
for single-tuple changes there are no inexpressibility results for DynFO besides those that follow
from the easy observation that every query that can be maintained in DynFO is computable in
polynomial time (and thus, e.g., problems complete for exponential time are not in DynFO). One
reason is that standard methods for proving inexpressibility for first-order logic with arithmetic
cannot be applied to DynFO. In particular, typical examples of queries that are not expressible
in first-order logic, such as the reachability query or the query asking for the parity of a unary
relation, can be maintained in DynFO under single-tuple changes.
Previous work on inexpressibility for single-tuple changes therefore focused on the search for

good techniques, mainly by studying restrictions of DynFO. Most notably, lower bound methods
have been developed for fragments obtained by restricting the use of auxiliary relations, either
structurally or by arity (see for example [10, 14, 15]), and the fragment where update rules are
quantifier-free first-order formulas (see for example [21, 45, 47]).

While it should be easier to prove inexpressibility results for DynFO in the presence of first-order
definable change operations, it is highly unlikely, as for single-tuple changes, that standard methods
can be adopted easily. Therefore we follow the same approach and start by studying restrictions
of DynFO. We confirm that, unsurprisingly, complex change operations can make it harder to
maintain a query. Even more, our results show that dynamic programs for complex changes may
not exist, even if they do for single-edge changes.

Towards our first set of results, presented in Subsection 7.1, we recall that the reachability query
can be maintained under single-tuple insertions with the transitive closure of the edge relation as
only auxiliary relation (see Example 3.2). We show that this is not possible in the presence of a very
simple complex insertion which is quantifier- and parameter-free, even if one allows additional
unary auxiliary relations. This complements the result in [15] that unary auxiliary relations (besides
the transitive closure itself) do not suffice for single-tuple deletions.
For acyclic graphs, the reachability query can be maintained under single-edge insertions and

deletions with transitive closure as only auxiliary relation [13, 34]. As we have seen, this even
holds in the presence of quantifier-free insertions (Theorem 4.5). We complement these results by
showing that this approach does neither generalise to insertions with quantifiers nor to complex
deletions. More precisely, we show that there is (1) an insertion query that uses only one quantifier
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and (2) a quantifier- and parameter-free deletion query for each of which the reachability query
cannot be maintained with the transitive closure and unary relations as auxiliary relations.

In a second line of work we study DynProp, the restriction of DynFO to quantifier-free update
formulas. The dynamic program provided in Example 3.2 shows that quantifier-free update formulas
suffice to maintain reachability under single-edge insertions. In Subsection 7.2 we prove that qReach
cannot be maintained in DynProp under definable, quantifier-free insertions. We note that for
single-edge deletions, despite some partial inexpressibility in this direction [47], it is still unknown
whether Reachability can be maintained by quantifier-free update formulas.

We remark again that all inexpressibility results immediately transfer to the FOIES framework.

7.1 Inexpressibility of Reachability with Restricted Auxiliary Relations
We show that, in the presence of complex changes, the transitive closure, i.e., the query relation, as
the only binary auxiliary relation does not suffice to maintain reachability. For this result to hold, it
suffices to allow single-tuple insertions and one complex change query, which can be chosen either
as an insertion or a deletion query. This change query can be restricted in several ways and in most
cases the result even holds for acyclic graphs. These results should be contrasted with Theorem 4.5.
By Σ1 we denote the existential fragment of first-order logic, that is, the set of first-order formulas
in prenex normal form with only existential quantification.

Theorem 7.1. (a) There is an insertion query ρ1 such that (qReach, {insE , ρ1}) cannot be main-

tained in DynFO, if all auxiliary relations besides the query relation are unary. The insertion

query ρ1 can be chosen as quantifier-free and parameter-free.

The result even holds on acyclic graphs, in which case ρ1 can be chosen as Σ1-definable and

parameter-free.

(b) There is a deletion query ρ2 such that (qReach, {insE , ρ2}) cannot be maintained in DynFO, if all

auxiliary relations besides the query relation are unary. The deletion query ρ2 can be chosen as

quantifier-free and parameter-free.

The result also holds on acyclic graphs, even with a quantifier-free ρ2.

Theorem 7.1 (a) even holds in the case where the nodes of G are linearly ordered but the proof
becomes considerably more involved. It can be found in [37, Theorem 10].22
The proof of Theorem 7.1 makes use of suitable static lower bounds. This approach has been

used often before and was made precise in [44].
We say that a k-ary query q is expressed by a formula φ (x̄ ) with help relations of schema τ , if,

for every databaseD, there is a τ -database H over the same domain such that for every k-tuple ā it
holds: ā ∈ q(D) if and only if (D,H ) |= φ (ā). This notion should not be confused with definability
of the query q in existential second-order logic. In the latter case, the relations can be chosen
depending on ā, but here the relations need to “work” for all tuples ā.
The proof of Theorem 7.1 relies on the fact that unary help relations do not suffice to express

the transitive closure for path graphs, i.e., graphs consisting of just one path, and for unions of
paths even if a certain special binary relation is present. Before stating this formally, we define
the latter class more precisely. For n,m ∈ N, letGn,m = (Vn,m ,En,m , pos) where (Vn,m ,En,m ) is the
disjoint union of n paths ofm nodes each, that is, Vn,m = {vi, j | i ∈ {1, . . . ,n}, j ∈ {1, . . . ,m}}, and
En,m = {(vi, j ,vi, j+1) | i ∈ {1, . . . ,n}, j ∈ {1, . . . ,m − 1}. The binary relation pos contains tuples
(vi, j ,vi′, j′ ) with j < j ′, that is, vi, j is at a smaller position than vi′, j′ in its path. We denote the class
of all databases of the form Gn,m , for arbitrary n,m ∈ N, by Gup.

22We strongly conjecture that Theorem 7.1 (b) holds in the case with a linear order as well.
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Lemma 7.2. The query qReach cannot be expressed by a first-order formula with unary help relations

on (a) path graphs and (b) databases from Gup.

Statement (a) follows from an easy locality-based argument and was proved in [44, Lemma 4.3.2].
Statement (b) follows from a standard Ehrenfeucht-Fraïssé argument.

Proof (of Theorem 7.1). In order to prove (a), let us assume, towards a contradiction, that for
every quantifier-free and parameter-free insertion query ρ1, (qReach, {insE , ρ1}) can be maintained
in DynFO on directed graphs with k unary auxiliary relations B1, . . . ,Bk .
Our goal is to show that then the transitive closure of path graphs could be expressed by a

first-order formula with unary help relations B1, . . . ,Bk and C0,C1,C2.
We refer to Figure 5 for an illustration of the following. Let G be some arbitrary path graph.

Let C0,C1,C2 be unary relations as indicated in Figure 5: the relation Ci contains all nodes whose
position in the path is i modulo 3. Let G1 be derived from G by reversing all edges from C1-nodes
to C2-nodes and by adding loops to all C1-nodes and C2-nodes. Let G2 be the result of applying the
insertion query ρ1 = µE (x ,y)

def
= E (x ,y) ∨

(
E (x ,x ) ∧ E (y,y) ∧ E (y,x )

)
to G1. Intuitively, ρ1 adds

all edges (x ,y) for which there is an edge (y,x ) and both x and y have self-loops.
By our assumption, qReach (G2) can be defined by a first-order formulaψ2 using qReach (G1) and

unary auxiliary relations B1, . . . ,Bk . We next show why this implies that the transitive closure of
path graphs G can be expressed by a first-order formula with B1, . . . ,Bk and C0,C1,C2 as unary
help relations.

First, there is a simple formula φ1 which defines the edge relation E1 ofG1 in terms of the edge
relation E of G and C0,C1,C2. Since all directed paths in G1 have length at most 2, qReach (G1) can
be defined by a first-order formulaψ1 on G1.

By combining φ1,ψ1, ρ1, andψ2 in a suitable way it is straightforward to construct a first-order
formula θ (x ,y) which defines qReach (G2) on (G,C0,C1,C2,B1, . . . ,Bk ). It is also straightforward to
define qReach (G ) from qReach (G2) in a first-order fashion, when C0,C1,C2 and qReach (G2) are given
(basically ignore all pairs (u,v ), for which there is an edge (v,u) in G).

Altogether, we can conclude that the transitive closure query can be defined on G with the help
of unary help relations C0,C1,C2,B1, . . . ,Bk , the desired contradiction.

We observe that both graphsG1 andG2 in the above proof are not acyclic. Yet a slight modification
of the construction yields acyclic graphs G ′1 and G ′2. However, it uses existential quantifiers in
the definition of the change operation. The graphs are also depicted in Figure 5. The graphG ′2 is
obtained by applying the operation ρ ′1 = µE (x ,y)

def
= E (x ,y) ∨

(
∃z
(
E (x , z) ∧ E (y, z)

)
∧∃z ′E (z ′,x )

)
to G ′1. The proof is now analogous to (a) except that G ′1 has to be first-order interpreted into the
path graph G, as it uses a slightly larger domain. The rest of the argument for acyclic graphs is
analogous.

For (b), a similar approach is used, this time starting from a database G ′′ = Gn,m from Gup. The
construction is illustrated in Figure 6. It only involves acyclic graphs. Let G ′′1 be a graph derived
from G ′′ by adding n(m − 1) nodes {wi, j | i ∈ {1, . . . ,n}, j ∈ {1, . . . ,m − 1}} that are used to
connect the paths: for each i, i ′ ∈ {1, . . . ,n} and each j ∈ {1, . . . ,m − 1}, the edges (vi, j ,wi′, j )
and (wi′, j ,vi, j+1) are added. Notice that in G ′′1 there is a path from a node vi, j to a node vi′, j′
with (i, j ) , (i ′, j ′) if and only if j < j ′. Additionally, we add a node u and edges (wi, j ,u) for all
i ∈ {1, . . . ,n}, j ∈ {1, . . . ,m− 1}. This node will be used as the parameter for the deletion. LetG ′′2 be
the result of applying the deletion query ρ2 (p) = µE (p;x ,y) def

= E (x ,y)∧¬E (x ,p)∧¬E (y,p)∧y , p
with parameter u, which deletes all edges that are incident to a node that has an edge to u, as well
as all edges to u.
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Fig. 5. The graphs from the proof of Theorem 7.1a.

The argument is now analogous to the previous proof. To this end we observe that the graphG ′′1
can be first-order interpreted intoG ′′ using pos23. Also, qReach (G ′′1 ) can be expressed by a first-order
formula with the help of pos. Hence the combination of the interpretation formulas and an assumed
formula for updating the transitive closure yields a formula expressing the transitive closure on Gup.
This proves the stated result for acyclic graphs.

In order to show that the result even holds for quantifier-free and parameter-free deletion queries
on general graphs, the nodeswi, j can be equipped with self-loops, and the construction hence does
need the parameter node u anymore.

□

7.2 Inexpressibility of Reachability in theQuantifier-Free Fragment
We now turn towards inexpressibility by quantifier-free update formulas. As discussed in the
introduction of the section, studying this restriction is a first – though small – step towards finding
methods for proving inexpressibility results for DynFO.
We conjecture that quantifier-free update formulas are too weak to maintain qReach even un-

der single-tuple changes. Yet so far only restricted inexpressibility results have been obtained.
Reachability cannot be maintained in DynProp under single-tuple changes when the auxiliary
relations are at most binary or when the initialization is severely restricted [47]. For the more
general alternating reachability query, quantifier-free update formulas do not suffice [21]. We next
show that there are very simple quantifier-free change queries (a deletion or two insertions), with
which qReach and even qUReach cannot be maintained in DynProp.
23Because of this step, G′′1 contains n (m − 1) nodes of the form wi, j . All other steps would also work usingm − 1 nodes of
the form w j .
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Fig. 6. The graphs from the proof of Theorem 7.1b (for n = 3 andm = 6)

Theorem 7.3. (a) There is a quantifier-free deletion query ρ such that (qReach, {insE , ρ}) cannot
be maintained in DynProp.

(b) There are quantifier-free insertion queries ρ1, ρ2 such that (qReach, {insE , ρ1, ρ2}) cannot be main-

tained in DynProp.

The results also hold for acyclic and undirected graphs.

The following lemma introduces a tool for proving that some query is not in DynProp. It can
be seen as a reformulation of the proof technique used in [43], which combines techniques from
[21, 47] with insights regarding upper and lower bounds for Ramsey numbers. The lemma gives
a sufficient condition under which a query q can not be maintained in k-ary DynProp under
changes from a set ∆. This condition basically requires that for each collection S of subsets of size
k + 1 of a set {1, . . . ,n} (for some large enough n), there is a database D, a tuple ā and a change
sequence α (x1, . . . ,xk+1) such that ā ∈ q(α (i1, . . . , ik+1) (D)) holds exactly if {i1, . . . , ik+1} ∈ S .
Here α (x1, . . . ,xk+1) is a sequence of replacement queries with parameters from {x1, . . . ,xk+1}.
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Furthermore, in D the elements 1, . . . ,n can not be distinguished by quantifier-free formulas, even
not with respect to the elements of ā. The actual statement of the lemma is slightly more general
and allows α to use additional parameters.

In the following we denote the set {1, . . . ,n} by [n] and the set of all subsets of size k of a set A
by Pk (A). We write (D, ā) ≡0 (D, b̄) if ā and b̄ are of the same arity and agree on their rank-0 type.

Lemma 7.4. Let q be anm-ary τin-query and ∆ ⊇ ∆τin a set of quantifier-free replacement queries.

Then (q,∆) is not in k-ary DynProp if there is r ∈ N and an n > n′, for each n′ ∈ N, such that for all

subsets S ⊆ Pk+1 ([n]) there exist
• a τin-database D and tuples ā = a1, . . . ,am and ū = u1, . . . ,ur , such that

– [n] and {a1, . . . ,am ,u1, . . . ,ur } are disjoint and contained in the domain of D; and

– (D, ā, ī, ū) ≡0 (D, ā, j̄, ū) for all strictly increasing sequences ī and j̄ of length k + 1 over [n];
and

• a sequence α (x1, . . . ,xk+1,y1, . . . ,yr ) of changes where in each change at most one variable xℓ
appears as parameter

such that for all strictly increasing sequences j1, . . . , jk+1 over [n] it holds that
ā ∈ q(α (j1, . . . , jk+1, ū) (D)) ⇐⇒ {j1, . . . , jk+1} ∈ S .

It should be noted that, althoughD can contain further elements, the parameters in the considered
change sequences are only instantiated by elements from [n] ∪ {u1, . . . ,ur }. Of course, in the
statement of this lemma, [n] can be replaced by some other n-element set. There is even a more
general form of it with tuples t̄1, . . . , t̄n in place of 1, . . . ,n and accordingly adapted conditions, but
we decided to state this simpler form, since it suffices for Theorem 7.3.

We postpone the proof of Lemma 7.4 towards the end of this section and first use it to prove the
desired lower bounds.

Proof (of Theorem 7.3). For both parts, the proof is by contradiction and uses Lemma 7.4.
For part (a) the idea is to start, for a given S ⊆ Pk+1 ([n]), from a graph consisting of paths of

length 2 of the form a1,X ,a2, for every X ∈ S . The sequence α induced by a sequence i1, . . . , ik+1
deletes all edges (Y ,a2) for which some i j is not in Y . It thus destroys all paths from a1 to a2, unless
{i1, . . . , ik+1} ∈ S , just as required by Lemma 7.4; this yields the contradiction.
We make this more precise now. Let ρ (p) be the quantifier-free deletion defined as ρ (p) =

µ (p;x ,y) def
= E (x ,y) ∧ ¬E (p,x ). Obviously, ρ (p) deletes an edge (x ,y) if there is an edge (p,x ).

Towards a contradiction, let us assume that qReach can be maintained in k-ary DynProp under
changes from {insE , ρ} for some k . We choosem = 2 and r = 0 in the statement of Lemma 7.4. Let
n ≥ k + 1 and S ⊆ Pk+1 ([n]) be arbitrary.

The database D that we construct is actually a graph (see Figure 7 for an illustration). Its vertex
set is of the form [n] ∪ {a1,a2} ∪ S , for elements a1,a2, such that [n], {a1,a2} and S are pairwise
disjoint.

The graph has the following edges:
• For each X ∈ S there are edges (a1,X ) and (X ,a2).
• For each i ∈ [n] and for each X ∈ S there is an edge (i,X ) if i < X .

Since there are no edges between vertices from {a1,a2, 1, . . . ,n}, the requirements of the lemma
are fulfilled.
Intuitively, the nodes in [n] control how edges from S to a2 can be removed. To make this

more precise, let us consider a sequence 1 ≤ i1 < · · · < ik+1 ≤ n and let Y def
= {i1, . . . , ik+1}.

The change sequence α = (ρ (i1), . . . , ρ (ik+1)) removes all edges (X ,a2) with i j < X , for some
j ≤ k + 1. Therefore, the only edge of the form (X ,a2) that might remain after applying α is (Y ,a2)
which only exists if Y ∈ S . Since there is a path from a1 to a2 in α (D) if and only if such an edge
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(a)
a1

a2

. . . X . . .S :

[n]: i < X j ∈ X (b)
a1

a2

u1 u2 u3

. . . X . . .S :

[n]: i < X j ∈ X

Fig. 7. The graphs from the proof of Theorem 7.3. Edges used for controlling the changes are highlighted in
blue.

remains, we conclude that ā ∈ qReach (α (D)) if and only if {i1, . . . , ik+1} ∈ S . By Lemma 7.4 therefore
(qReach, {insE , ρ}) cannot be maintained in k-ary DynProp, the desired contradiction.
The proof of part (b) is very similar. Here the possible paths from a1 to a2 are of the form

a1,X ,u1,a2. However, initially there are no edges of the form (X ,u1). The first k + 1 steps of the
to-be-constructed change sequence α (i1, . . . ik+1) yield a situation where at most one node Y is
not connected to a particular node u2, and in the final step an edge (Y ,u1) is inserted — but only
if Y ∈ S . Altogether, there will again be a path from a1 to a2 if and only if {i1, . . . , ik+1} ∈ S and
Lemma 7.4 yields a contradiction.

Let
• ρ1 (p1,p2) = µ1 (p1,p2;x ,y) def

= E (x ,y) ∨
(
y = p1 ∧ E (p2,x )

)
and

• ρ2 (p1,p2,p3) = µ2 (p1,p2,p3;x ,y) def
= E (x ,y) ∨

(
y = p1 ∧ E (p2,x ) ∧ ¬E (x ,p3)

)
.

The query ρ1 inserts edges (x ,p1) for all x with an edge (p2,x ), whereas ρ2 inserts edges (x ,p1) for
all x with an edge (p2,x ) but without an edge (x ,p3).
Towards a contradiction, let us assume that (qReach, {insE , ρ1, ρ2}) can be maintained in k-ary

DynProp, for some k . Again, we aim to use Lemma 7.4 and we letm = 2 and r = 3 in the statement
of the lemma. Let n and S ⊆ Pk+1 ([n]) be arbitrary.

The databaseD is a graph with node set [n]∪ {a1,a2,u1,u2,u3} ∪ S , where [n], {a1,a2,u1,u2,u3}
and S are pairwise disjoint. The graph has the following edges:
• For each X ∈ S there are edges (a1,X ) and (u2,X ).
• For each i ∈ [n] and for each X ∈ S there is an edge (i,X ) if i < X .
• There is an edge (u1,a2).

It can be easily verified that the conditions imposed by Lemma 7.4 are satisfied.
We choose the change sequence α (x1, . . . ,xk+1) as ρ1 (x1,u3), . . . , ρ1 (xk+1,u3), ρ2 (u1,u2,u3).
For any set Y = {i1, . . . , ik+1} with 1 ≤ i1 < · · · < ik+1 ≤ n we define αY

def
= α (i1, . . . ik+1). After

the first k + 1 change steps of αY , a node X of S is connected to u3 unless X = Y . Therefore, the last
change ρ2 (u1,u2,u3) inserts at most one edge, (Y ,u1), but only if Y ∈ S . Thus, in αY (D) there is a
path from a1 to a2 if and only if Y ∈ S .

Application of Lemma 7.4 again yields the desired contradiction.
An inspection of the proofs shows that the graphs used are acyclic and that both constructions

immediately work for undirected reachability. □
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It remains to give a proof for Lemma 7.4. This proof uses the following combinatorial result
which combines Ramsey upper and lower bounds.

Lemma 7.5 ([43, Lemma 2]). Let k ∈ N be arbitrary and τ a k-ary schema. Then there is a monotone

and unbounded function f : N 7→ N and an n0 ∈ N such that for every domain A larger than n0 the
following conditions are satisfied:

(S1) For every τ -database A over A and every linear order ≺ on A there is a subset A′ of A of size

|A′ | ≥ f ( |A|) such that all ≺-ordered k-tuples overA′ have the same quantifier-free type inA.

(S2) The set Pk+1 (A) can be partitioned into two subsets B and C such that for every set A′ ⊆ A of

size |A′ | ≥ f ( |A|) there are b, c ∈ Pk+1 (A
′) with b ∈ B and c ∈ C .

We remark that the unboundedness of f was not explicitly stated in [43] but it readily follows
from its proof in [44], where f is chosen in Ω(log(k−1) (n)). Monotonicity can be easily achieved.
Furthermore, the proof for Lemma 7.4 makes use of the following Substructure Lemma. The

lemma exploits that in quantifier-free programs, an auxiliary tuple c̄ after an insertion or deletion of
a tuple d̄ can only depend on those two tuples. We refer to [47] for more intuition. In the following,
we denote by S ↾A the restriction of a state S to domain A, that is the state with domain A, in
which all (input and auxiliary) relations of S are restricted to A, in the usual sense.

Let π be an isomorphism from a database S to a database T . Two changes δ = (ρ, ā) on S and
δ ′ = (ρ ′, b̄) onT are said to be π -respecting if ρ = ρ ′ and b̄ = π (ā). Two sequencesα = δ1 · · · δm and
β = δ ′1 · · · δ

′
m of changes respect π if δi and δ ′i are π -respecting for every i ≤ m. Recall that Pα (S)

denotes the state obtained by executing the dynamic program P for the change sequence α from
state S.

Lemma 7.6 (Substructure Lemma). Let P be a DynProp-program and let S and T be states of

P with domains S and T . Further let A ⊆ S and B ⊆ T such that S ↾A and T ↾ B are isomorphic

via π . Then Pα (S) ↾A and Pβ (T ) ↾B are isomorphic via π for all π -respecting quantifier-free change
sequences α , β on A and B.

The proof of the Substructure Lemma for single-tuple changes presented in [47] immediately
carries over to quantifier-free changes.

Proof (of Lemma 7.4). Let (q,∆) be a dynamic query where q is anm-ary τin-query and ∆ is a
set of quantifier-free replacement queries. Suppose q satisfies the antecedent of the lemma. Towards
a contradiction, let us assume that there is a DynProp program P over a k-ary auxiliary schema
τaux that maintains (q,∆).

Let τ be the schema τin ∪ τaux ∪ {s1, . . . , sm } ∪ {t1, . . . , tr }, where the si and ti are additional
constant symbols. Let n > n0 be arbitrary, where n0 is as guaranteed by Lemma 7.5 applied to k
and τ , and large enough such that f (n0) > k + 1.
Let A def

= [n] ∪ {a1, . . . ,am ,u1, . . . ,ur } and let B,C ⊆ Pk+1 (A) be the partition guaranteed to
exist by property (S2) of Lemma 7.5. We choose S as B.
Let D and α be as in the condition of the statement of the lemma. Let AD be the auxiliary

database over schema τaux ∪ {s1, . . . , sm } ∪ {t1, . . . , tr } that is obtained by P when the tuples of
D are inserted in some arbitrary order to an initially empty database, and in which the constant
symbols s1, . . . , sm , t1, . . . , tr are interpreted by a1, . . . ,am ,u1, . . . ,ur , respectively. Furthermore,
letA be the database induced byA from (D,AD ). LetA be ordered in the natural way such that all
elements from [n] precede all other elements. Let A′ be the subset of A as guaranteed by property
(S1) of Lemma 7.5. Since all ordered tuples of A′ have the same type, they can not involve constants
and thus A′ ⊆ [n]. Now property (S2) of Lemma 7.5 guarantees that there exist sets b, c ∈ Pk+1 (A

′)
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with b ∈ B and c ∈ C . Let i1 < · · · < ik+1 and j1 < · · · < jk+1 be such that b = {i1, . . . , ik+1} and
c = {j1, . . . , jk+1}.

We note that both sequences ī = i1, . . . , ik+1 and j̄ = j1, . . . , jk+1 fulfil the requirements stated
in the lemma and furthermore, (D, ā, ī, ū) ≡0 (D, ā, j̄, ū). Therefore Lemma 7.6 guarantees that
(α (ī, ū) (D), ā, ū) ≡0 (α (j̄, ū) (D), ā, ū) holds as well. We can conclude that ā ∈ q(α (ī, ū) (D)) if and
only if ā ∈ q(α (j̄, ū) (D)) and finally, by the property assumed in the statement of the lemma, that
b ∈ S if and only if c ∈ S . However c < S , since S = B, the desired contradiction. □

8 PARAMETER-FREE CHANGES
In this section we study replacement queries without parameters on ordered databases, or equiva-
lently, changes expressible as relational algebra queries that do not use constant values. It turns
out that in this setting a large class of queries can be maintained in DynFO: all queries that can be
expressed in uniform AC1 and thus, in particular, all queries that can be answered in logarithmic
space. This result exploits the fact that for a fixed set of replacement queries without parameters
there is only a constant number of possible changes to a database, in each step.
One might suspect that parameter-free replacement queries are not very powerful, especially

when they are applied to the initially empty input database. However, when the input database
comes with a built-in linear order, one can actually construct every finite graph with relatively
simple replacement queries (and similarly for other kinds of databases). For instance, one can cycle
through all pairs of nodes in lexicographic order. If (u,v ) is the current maximal pair, operation
keep can move to (u,v + 1) (inserting it into E) while leaving (u,v ) in E and drop can move to
(u,v + 1) while taking (u,v ) out from E. For this reason, including a linear order into the input
database will yield stronger results. This motivates the following definitons.
An ordered database D contains a built-in linear order ≤ on its domain that is not modified

by any change. We identify elements of an ordered database with numbers. In the following, the
minimal element with respect to ≤ is considered as 0.
The update programs constructed in this section use, as additional auxiliary relation, a binary

BIT-relation containing all pairs (i, j ) of numbers, for which the i-th bit of the binary representation
of j is 1. From a linear order, the BIT relation can be easily computed by an initialization procedure.
In practical scenarios one typically has access to the binary encoding of the input and it is not
necessary to introduce an additional relation.

By AC1 we denote the class of queries that can be computed by a uniform24 family of circuits of
“and”, “or” and “not” gates with polynomial size, depth O (logn) and unbounded fan-in. It is well
known that AC1 contains all queries from LOGSPACE and NL. We can now state the main theorem
of this section.
Theorem 8.1. Let q be an AC

1
query over ordered databases and ∆ a finite set of parameter-free

first-order definable replacement queries. Then (q,∆) is in DynFO with suitable initialization.

Proof. We first explain the idea underlying the proof.
It uses the characterization of AC1 by iterated first-order formulas. More precisely, we use the

equality AC1 = IND[logn] from [26, Theorem 5.22]. The class IND[t (n)] contains a query q if
it can be defined by a first-order formula ψq that may use a relation R obtained by O (t (n))-fold
iteration of a first-order formula φR , where n is the size of the domain. We only give an example
and refer to [26, Definition 4.16] for a formal definition.25 Consider the formula φR (x ,y) = (x =

y) ∨ E (x ,y) ∨∃z
(
R (x , z) ∧R (z,y)

)
. When applying the formula to a graph and an empty relation R

24for concreteness: first-order uniform [26]
25In the setting of [26], first-order formulas may use built-in relations ≤ and BIT. The relation ≤ is also present here, the
relation BIT can be generated by a suitable initialization, see [26, Exercise 4.18]. Furthermore Immerman’s definition of
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it defines the relation R1 of paths of length 1, applying it to R def
= R1 defines the paths of length 2; in

general applying the formula to R def
= Ri defines the paths of length 2i . Thus logn-fold application

of φR defines the transitive closure relation of a graph with n vertices and therefore qReach is in
IND[logn] (by choosingψqReach = R). For a database D, we write φi (D) for the relation resulting
from i-fold application of φ to (D, ∅).
Let q be a query in AC1 and let k be such that q is first-order definable byψq from a relation R

that is obtained by k logn applications of a formula φR .
The program P that we construct maintains R using a technique inspired from prefetching,

which was called squirrel technique in [46]. The result of q is then extracted from R by ψq . For
maintaining R, the program starts a thread θβ at any point t in time and for each possible future
sequence β of 2 logn change operations. Here and in the following, we count the occurrence of
one change as one time step.

Within the next logn steps (i.e. changes), it always compares whether the actual change sequence
α is the prefix of β of length logn. If not, thread θβ is abandoned, as soon as α departs from β . For
each of these logn steps, θβ simulates two change operations of β and applies them to the database
Dt at time t , consecutively. After logn steps, that is, at time t + logn, thread θβ has computed the
target database β (Dt ).

During the next logn steps until time t + 2 logn, θβ evaluates q on β (Dt ) by repeatedly applying
the formula φR , k times during each single step. Again, if the actual change sequence departs from
β then θβ is abandoned. However, if β is the actual change sequence from time t to t + 2 logn, the
thread θβ can extract the correct query result q(β (Dt )) from R at time t + 2 logn.
We note that, although the time window in the above sketch stretches over 2 logn change

operations from time t to t + 2 logn, the actual sequences whose effect on the current database is
precomputed are never longer than logn. This is because the application of all 2 logn operations
of a sequence takes until time t + logn and by that time the first logn of these operations already
lie in the past. In fact, the program P only needs to maintain β (Dt ) for all sequences β of length
exactly logn, as soon as t ≥ logn.
Of course, P uses many threads at any time. However, this is feasible, because only a constant

number, d = |∆|, of change operations is available at any time (and there are no parameters). More
precisely, there are only d2 logn = 22 logd logn = n2 logd many different change sequences of length
2 logn, each of which can be encoded by a tuple of arity 2 logd over the domain.

So far, our sketch explains how P can give correct answers for all times t ≥ 2 logn. All previous
time points have to be dealt with by the initialization. This initialization also equips the program
with the BIT relation. Clearly, the initialization can be computed in AC1, and therefore also in
polynomial time.
We next present a more detailed proof, but for simplicity, we only consider the case of ordered

graphs (τin = {E, ≤}), d = 2 and k = 1. That is, there are only two change operations, ρ0 and ρ1,
and R can be obtained by logn applications of φR . The proof can easily be generalized to the case
of databases over other schemas and for arbitrary d and k .
Let G be an ordered graph with n vertices. For simplicity we assume that that the vertex set

of G is just {0, . . . ,n − 1}, that ≤ is the natural linear order, and that n is a power of 2. The latter
assumption guarantees that logn is a natural number and that bit sequences of length logn can be
represented by one node of G using BIT. For the general case, bit sequences of length ⌈logn⌉ can
be represented by two nodes.

IND[t (n)] allows for nested iterations. However, the proof of [26, Lemma 5.3] yields a normal form of IND[t (n)] with only
one iterated formula.
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We encode change sequences by elements of the domain as follows: A sequence β = δ1 · · · δlogn
is encoded by the nodewβ , whose bit string representation has 1 at position i if and only if δi = ρ1.
We denote the change sequence encoded by nodew as βw .

We first describe the auxiliary relations needed for time points t ≥ 2 logn. In the following, we
assume that relations for the arithmetic operations +, × and the BIT-predicate are provided by the
initialization.26

For a time t , we denote byGt the graph at time t . Likewise, we denote the value of any (input or
auxiliary) relation S at time t by St .
• Relation F consists of tuples of the form (i,w,u,v ) and encodes, for each i ≤ logn and each
change sequence β of length logn the graph β (Gt−i ), as follows. We denote the edge relation
induced by F for any i andw by F i,w = {(u,v ) | (i,w,u,v ) ∈ F }. Then, for each i ≤ logn and
each change sequence β of length logn, F j,wβ

t shall be the edge relation of β (Gt−i ).
• Relation T consists of tuples of the form (i,w, ā) and represents the temporary result of
R after some applications of φR to a modified graph. We denote the intermediate relation
represented byT for some i andw byT i,w = {ā | (i,w, ā) ∈ T }. Then, for every i ≤ logn and
each change sequence β of length logn, it shall hold T i,wβ

t = φiR (β (Gt−i )).
• The history relation H always contains one elementw which encodes the sequence βw of
changes that occurred during the most recent logn many change steps.
• The query relation Q .

The query relation Qt can be inferred from the relations Tt and Ht using the formulaψq , since
Rt = φ

logn
R (βw (Gt−logn )) = T

logn,w wherew is the uniquew ∈ Ht .
It is easy to maintain H in a first-order fashion, and it thus only remains to describe how F and

T can be maintained.
For every i andw , F i,wt+1 can be easily obtained from Ft and Ht as follows. Let βw = δ1 · · · δlogn

and let δ0 be the actual change step that occurred at time t − i , as encoded in the single tuple of Ht .
Then, F i,wt+1 = βw (Gt+1−i ) = βw (δ0 (Gt−i )) = δlogn (βw ′ (Gt−i )) = δlogn (F

i,w ′
t ), where w ′ encodes

β ′ = δ0 · · · δlogn−1. For every i andw , T i,w
t+1 = φ

i
R (β (Gt+1−i )) = φR (φ

i−1
R (β (Gt−(i−1) ))) = φR (T

i−1,w
t ).

In both cases, the first-order maintainability is immediate.
□

As already discussed in Section 3, the previous result translates to a variant of the FOIES
framework of [16]. Here, the change operations add and remove may not have the inserted or
deleted element as parameter, but instead add some new element to the domain as the largest
element of ≤ or remove that element, respectively. The proof can be easily be adapted for this
setting.

9 CONCLUSION
In this article we continued the study of incremental view maintenance from a declarative point of
view. Even though in applications incremental changes to databases often involve sets of tuples,
previous work in the area has been focussed on single-tuple changes. As a step towards a better
understanding of complex changes we provided a formalization of declaratively defined change
operations in terms of first-order defined replacement queries, and studied which results can be
transferred to this more general framework.

Themain insight of our study is that manymaintainability results carry over from the single-tuple
world to more general change operations. We were actually quite surprised to see that so many

26In fact, the BIT-predicate is sufficient, as + and × are FO-definable from BIT and the linear order [26, Theorem 1.17].
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positive results survive this transition. Our focus was on the undirected reachability query. This
query is inDynFO even under first-order definable insertions. For insertions defined by well-studied
classes of queries such as conjunctive queries, the dynamic programs are of practically feasible size.
We reported on a prototypical implementation of these programs in SQL. In almost all test scenarios,
the implemented dynamic program for complex changes achieved better runtimes, compared to a
dynamic program processing complex changes as sequences of single-edge changes, and evaluation
from scratch with built-in mechanisms of database systems. Encouraged by those results we plan
to evaluate the dynamic program for directed reachability presented in [4] empirically.

Many questions regarding maintainability under complex changes remain open, for instance: To
which extent can the reachability query for (undirected or acyclic) graphs be maintained under
definable deletions? What about reachability for unrestricted directed graphs under definable
insertions? What about other queries?
We were less surprised by the fact that stronger change operations can yield inexpressibility,

but even these results required some care. Our main contribution in that respect is the proof that
DynProp cannot maintain the reachability query under very simple quantifier-free replacement
queries.
From Theorem 8.1 about parameter-free changes and its proof, we take another insight: the

squirrel technique is quite powerful to prepare an update program for a non-constant (i.e., logarith-
mic) number of changes. In [6] a similar technique was exploited to prove that queries definable in
monadic second-order logic can be maintained on graphs of bounded treewidth. Another conse-
quence is that inexpressibility proofs need to take the squirrel technique into account and to argue
“around it”.
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